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Motivation & Problems : multipleflag variety
GmG/Pl X G/P2 X X G/Pk

Double flag variety for symmetric pair
Introduce double flag variety for G/K:
K™ G/PxK/Q

Finiteness criterion via Bruhat decomp & KGB reduction
Give a criterion for finiteness of orbits
------ Complete, but difficult to calculate

Spherical actions on flag varieties and more

Finiteness of orbits on double flag varieties ~- spherical flag varieties
Relation to derived functor modules (by Yoshiki Oshima)
Classifications of spherical action on flag varieties

Nishiyama (AGU) K-spherical flag varieties 2013/07/08 2/27
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G : reductive algebraic group / C B C G : Borel subgrp
3B C P : parabolic subgrp (psg) <= G/P : smooth proj variety

Definition
Xp := G/P : (partial) flag variety (FV) }

@ diagG "> X = G/B x G/B : double flag variety

~ G\X ~ B\G/B =[], ey BwB : Bruhat decomposition
(Steinberg theory)
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Motivation & problems Multiple Flag Varieties

Multiple Flag Varieties

G : reductive algebraic group / C B C G : Borel subgrp
3B C P : parabolic subgrp (psg) <= G/P : smooth proj variety

Definition

Xp := G/P : (partial) flag variety (FV) J

@ diagG ¥ X = G/B x G/B : double flag variety
~ G\X ~ B\G/B =[], ey BwB : Bruhat decomposition
(Steinberg theory)
~ G\Xp, X Xp, >~ P1\G /P> ~ Wp \W /Whp, : gen. Bruhat decomp
Q@ G X =2Xp xXp,xXp, : triple flag variety
If #G\X < oo, it is called finite type

classical finite type <« classification by Magyar-Weyman-Zelevinsky
Recently also by Matsuki

Nishiyama (AGU) K-spherical flag varieties 2013/07/08 3/27
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<= d open dense B-orbit
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Examples of spherical variety :

@ Highest Weight Variety:
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Spherical actions

Finitely many orbits of Borel subgroup - -- spherical action
<= d open dense B-orbit
~» multiplicity-free (no Branching Law)

Examples of spherical variety :
@ Highest Weight Variety:
V) : fin dim G-module with hw A v € V) : hw vector
Py:={g € G|gveCv}: psg (V psg can be realized in this way)
Xy:=G-v:hwvariety & (X)\{0})/C* ~ Xp,: flag variety
Xp, : G-spherical ~» X\ : G x C*-spherical

CIXa] = @0 Vi - mult-free decomp

[Remark: actually X) is G-spherical]
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C[G/K] ~ @, Vi : mult-free decomp (VX # 0 only appears)

Interesting analytic result:

L?(Gr/KR) is also mult-free (with continuous spectrum)
Harish-Chandra, van den Ban, Schrichtkrull, Oshima, ...
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Motivation & problems Multiple Flag Varieties

@ Affine symmetric space  G/K
#B\G/K <0 ~» G/K : spherical
C[G/K] ~ @, Vi : mult-free decomp (VX # 0 only appears)

Interesting analytic result:

L?(Ggr/KR) is also mult-free (with continuous spectrum)

Harish-Chandra, van den Ban, Schrichtkrull, Oshima, ...

B Extra feature (KGB-theory):

K-orbits on Xg = G/B with local system
+— K-equiv Z-module on Xpg

localization _ Harish-Chandra (g, K)-modules
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© G X =2Xp xXp,xXp : triple flag variety
— G\X = B\(Xp, xXp,)

K-spherical flag varieties

Nishiyama (AGU)



© G X =2Xp xXp,xXp : triple flag variety
— G\X = B\(Xp, xXp,)
#G\X <00 <= Xp,xXp, is G-spherical
=] 5 = = DA



il (kg Ve
© GV X =2XpxXp,xXp : triple flag variety
— G\X = B\(Xp, xXp,)
#G\X <00 <= Xp xXp, is G-spherical
Recall highest weight variety Xa=G-vy st. P(Xy\)=Xp,
X,=G v, st. P(X,)=ZXp,

= Xy x X, : G x C* x C*-spherical

~ Vi@V, ~ €, Vy : mult-free decomp (Vk, ¢ > 0)
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© GV X =2XpxXp,xXp : triple flag variety
— G\X = B\(Xp, xXp,)
#G\X <00 <= Xp,xXp, is G-spherical

Recall highest weight variety Xa=G-vy st. P(Xy\)=Xp,
X,=G v, st. P(X,)=ZXp,

= Xy x X, : G x C* x C*-spherical

~ Vi@V, ~ €, Vy : mult-free decomp (Vk, ¢ > 0)

Classification :
Panyushev (1993), Littelman (1994) --- Pi, P> : max psg
Stembridge (2003) e VPP
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© GV X =2XpxXp,xXp : triple flag variety
~ G\X ~ B\(Xp, xXp,)
#G\X <00 <= Xp xXp, is G-spherical
Recall highest weight variety Xa=G-vy st. P(Xy\)=Xp,
X,=G-v, st. P(X,)=2Xp,
= Xy x X, : G x C* x C*-spherical

~ Vi@V, =@, V, : mult-free decomp (Vk, ¢ > 0)
CIaSS|f|cat|on :
Panyushev (1993), Littelman (1994) --- Pi, P> : max psg
Stembridge (2003) e VPP
Interesting generalization:
Next to spherical (complexity 1) --- Ponomareva (2012, arXiv)
3 Open orbit on mult flag var .-+ Popov (2007)
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For type A, d special wonderful case called mirabolic
G=GL, D> B: Borel & P = P,_11): max parabolic (mirabolic)
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Nishiyama (AGU) K-spherical flag varieties 2013/07/08

7/ 21



Motivation & problems Mirabolic, enhanced, exotic nilcone

Mirabolic (= miraculous parabolic?) case

For type A, d special wonderful case called mirabolic
G=GL, D> B: Borel & P = P,_11): max parabolic (mirabolic)
P : psg with diag blocks (n —1,1) ~~ G/P ~P(C")
:{B X:{BX%P ~ 9£n><ﬁ£n><IP’(<C”)
Many good properties are known due to
Travkin, Finkelberg-Ginzburg-Travkin, Achar-Henderson

Nishiyama (AGU) K-spherical flag varieties 2013/07/08

7/ 21



Motivation & problems Mirabolic, enhanced, exotic nilcone

Mirabolic (= miraculous parabolic?) case

For type A, d special wonderful case called mirabolic
G=GL, D> B: Borel & P = P,_11): max parabolic (mirabolic)
P : psg with diag blocks (n —1,1) ~~ G/P ~P(C")
:{B X:{BX:{P ~ 9£nxﬁ£nxP(C”)
Many good properties are known due to
Travkin, Finkelberg-Ginzburg-Travkin, Achar-Henderson

@ Analogue of Robinson-Schensted-Knuth algorithm for Springer fiber
micro-local cells and action of Hecke algebra, etc.

Nishiyama (AGU) K-spherical flag varieties 2013/07/08 7/27



(SN WAL ST E  Mirabolic, enhanced, exotic nilcone

Mirabolic (= miraculous parabolic?) case

For type A, d special wonderful case called mirabolic
G=GL, D> B: Borel & P = P,_11): max parabolic (mirabolic)
P : psg with diag blocks (n —1,1) ~~ G/P ~P(C")
:{B X:{BX%P ~ 9£nxﬁ£nxP(C”)
Many good properties are known due to
Travkin, Finkelberg-Ginzburg-Travkin, Achar-Henderson

@ Analogue of Robinson-Schensted-Knuth algorithm for Springer fiber
micro-local cells and action of Hecke algebra, etc.

@ Enhanced nilpotent cone and orbits on A/ (g)xC",
local intersection theory on the closure of nilpotent orbits

Nishiyama (AGU) K-spherical flag varieties 2013/07/08 7/27



Motivation & problems Mirabolic, enhanced, exotic nilcone

Mirabolic (= miraculous parabolic?) case

For type A, d special wonderful case called mirabolic
G=GL, D> B: Borel & P = P,_11): max parabolic (mirabolic)
P : psg with diag blocks (n —1,1) ~~ G/P ~P(C")
:{B X:{BX%P ~ 9£n><ﬁ£,,><IF’(<C”)
Many good properties are known due to
Travkin, Finkelberg-Ginzburg-Travkin, Achar-Henderson

@ Analogue of Robinson-Schensted-Knuth algorithm for Springer fiber
micro-local cells and action of Hecke algebra, etc.

@ Enhanced nilpotent cone and orbits on A/(g)xC",
local intersection theory on the closure of nilpotent orbits

------ want to extend it to a symmetric pair
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Double flag variety
Double flag variety —definition
(G, K) : symmetric pair /C K <« 6 : involution
Ex. (G,K)=(GlLpyq, GLy x GLg), (SLn, Op),
(SL2n, Sp2n), (Sp2n, GLp), ...
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Double flag variety —definition

(G, K) : symmetric pair /C K <> 6 : involution

P : parabolic & P’ : f-stable parabolic of G
~ @ := P'NK : parabolic of K
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Double flag variety

(G, K) : symmetric pair /C K <> 6 : involution

P : parabolic & P’ : f-stable parabolic of G
~ @ := P'NK : parabolic of K

—definition

Fact

For VQ C K : psgin K, 3 P C G : O-stable psg s.t. Q = PPNK

Nishiyama (AGU) K-spherical flag varieties 2013/07/08 8 /27



Double flag variety for symmetric pair Double flag variety

Double flag variety —definition

(G, K) : symmetric pair /C K <> 6 : involution

P : parabolic & P’ : f-stable parabolic of G
~ @ := P'N K : parabolic of K
Fact

For VQ C K : psgin K, 3 P C G : O-stable psg s.t. Q = PPN K

Definition (Double flag variety)
Xp:= G/P : partial flagvarof G & Zg:= K/Q : partial flag of K
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Fact
For VQ C K : psgin K, 3 P C G : O-stable psg s.t. Q = PPN K

Definition (Double flag variety)

Xp:= G/P : partial flagvar of G & Zg:= K/Q : partial flag of K
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Double flag variety —definition

(G, K) : symmetric pair /C K <> 6 : involution

P : parabolic & P’ : f-stable parabolic of G
~ @ := P'N K : parabolic of K

Fact
For VQ C K : psgin K, 3 P C G : O-stable psg s.t. Q = PPN K

Definition (Double flag variety)

Xp:= G/P : partial flagvar of G & Zg:= K/Q : partial flag of K
K "> XpxZq : double flag variety (K acts diagonally)

K ™ XpxZq is of finite type <= #K\XpxZg < 00

Hecke alg module structure:  J#(G,B) "~ H*(Xpx Z2q) " #(K, Bk)
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Doulils (B veisy
Xp=G/P: PFV of G,

Zo=K/Q: PFV of K

Examples of Xpx Zq : double flag var (DFV) of finite type
Type Al : G/K =SL,/SO, (n>3)

P Q Xp 20 extra condition
maximal any | Grass,(C") 29
(A1, A2, A3) | Siegel Xp LGrass(C") n is even
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Double flag variety for symmetric pair Double flag variety

Xp=G/P: PFV of G,

Zo=K/Q: PFV of K

Examples of Xpx Zq : double flag var (DFV) of finite type

Type Al : G/K =SL,/SO, (n>3)

P Q Xp 20 extra condition
maximal any | Grassp,(C") 29
(A1, A2, A3) | Siegel Xp LGrass(C") n is even

Type All : G/K = SL2,/Sp,, (n > 2)

P Q Xp 29
maximal any | Grass,(C") 29
()\1, )\2, )\3) Siegel fp LGrassm((Cz”)
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Xp=G/P: PFVof G, Zo=K/Q: PFV of K

Examples of Xpx Zq : double flag var (DFV) of finite type

Type Al : G/K =SL,/SO, (n>3)
P Q Xp 20 extra condition
maximal any | Grassp,(C") 29
(A1, A2, A3) | Siegel Xp LGrass(C") n is even
Type All : G/K = SL2,/Sp,, (n > 2)
P Q Xp 29
maximal any | Grass,(C") 29
()\1, )\2, )\3) Siegel %p LGrassm((Cz”)
Type Alll : G/K = GL,/GL,xGLgq (n=p+ q)
P 1 Q> Xp Zq
any mirabolic ~ GL4 Xp P(CP)
any GL, mirabolic Xp P(C9)
maximal any any Grass,(C") 29
(A1, A2, A3) | maximal  maximal Xp Grass (CP)x Grassy(CH9)

Nishiyama (AGU)

K-spherical flag varieties

2013/07/08
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Relation to multiple flag varieties for G

© Triple flag variety Xp, xXp, xXp, with G-action

special case of double flag variety Xpx Zg with K-action
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Double flag variety for symmetric pair Relation to MFV

Relation to multiple flag varieties for G

© Triple flag variety Xp, xXp, xXp, with G-action
- special case of double flag variety XpxZ¢g with K-action

() Take G = GxG and K = AG as usual
]P):P1><P2, Q:AP3

M+(GT/IP’X]K/Q:G/:D;[XG/PQXG/P3 []
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() Take G = GxG and K = AG as usual
]P):P1><P2, Q:AP3
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XpxZg %%px%p/ with diag K-action

Nishiyama (AGU) K-spherical flag varieties 2013/07/08 10 / 27



Double flag variety for symmetric pair Relation to MFV

Relation to multiple flag varieties for G

© Triple flag variety Xp, xXp, xXp, with G-action
- special case of double flag variety XpxZ¢g with K-action

() Take G = GxG and K = AG as usual
P:P1><P2, Q:AP3

M->(GY/IP’X]K/Q:G/:D;[XG/P2><G/P3 []

@ Zo~ K-P/P <9 x,, e Zqisaclosed K-orbit in K\Xps
Thus we get a closed embedding:
XpxZg %%px%p/ with diag K-action

In general  #K\(XpxXp/) =00
however, # of closed K-orbits on XpxXp < 00

Nishiyama (AGU) K-spherical flag varieties 2013/07/08 10 / 27



Key idea to describe K orbits on XpxZg
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Key idea to describe K orbits on XpxZg

© Reduction to triple flag var:
#G\(%pX%g(p)X:{p/) <00 — #K\(:{pXZQ) < 00

Unfortunately “ <= " does not hold
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Strategy
Key idea to describe K orbits on XpxZg

@ Reduction to triple flag var:
#G\(%pr{g(p)Xf{Pl) <00 — #K\(:{pXZQ) < 00

Unfortunately “ <= " does not hold

@ Bruhat reduction:
G\%P X %p/ ~ P\G/PI ~ WP\W/WP/
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Key idea to describe K orbits on XpxZg

@ Reduction to triple flag var:
#G\(%pr{g(p)Xf{P/) <00 — #K\(:{pXZQ) < 00

Unfortunately “ <= " does not hold

@ Bruhat reduction:
G\%P X %p/ ~ P\G/PI ~ WP\W/WP/

© Reduction to smaller affine symm spaces (KGB reduction):

#P\G/K < o0

Nishiyama (AGU) K-spherical flag varieties 2013/07/08
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Strategy 1: f-twisted embedding a la Mili¢i¢
{Ag : Xp = Xp X Xg(p) : O-twisted embedding

L: Zq — Xpr : closed embedding

o = = E A
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it el
Strategy 1: f-twisted embedding a la Mili¢i¢
{Ag : Xp — Xp X Xg(p) : 0-twisted embedding
t:Z2qg — Xpr: closed embedding

~ AgXL:%pXZQL)%PXXH(p)X%p/
image X = (Ap x 1)(Xp x Zq) : closed subvariety of TFV

Nishiyama (AGU) K-spherical flag varieties 2013/07/08

12 /27



ivisiizs) @tz
Strategy 1: f-twisted embedding a la Mili¢i¢

{Ag : Xp — Xp X Xg(p) : 0-twisted embedding
t:Z2qg — Xpr: closed embedding
~ AQXLZXPXZQL)%PXXQ(,D)X%P/

image X = (A x 1)(Xp x Zq) : closed subvariety of TFV

O € (Xp x Xg(p) X Xp')/G : orbit for TFV
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Strategy 1: f-twisted embedding a la Mili¢i¢
{Ag : Xp — Xp X Xg(p) : 0-twisted embedding
t:Z2qg — Xpr: closed embedding
~ A@XL:%PXZQ‘—).%PX%Q(,D)X%P/
image X = (A x 1)(Xp x Zq) : closed subvariety of TFV
O € (Xp x Xg(py x Xp')/G : orbit for TFV

(Ag(f{p) X %Pl)/Ag(G) s (}:P X %p/)/Gl Wp\W/Wp/
W W
o’ w
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{Ag : Xp — Xp X Xg(p) : 0-twisted embedding
t:Z2qg — Xpr: closed embedding
~ A@XL:%PXZQ‘—).%PX%Q(,D)X%P/
image X = (A x 1)(Xp x Zq) : closed subvariety of TFV
O € (Xp x Xg(py x Xp')/G : orbit for TFV

(Ag(f{p) X %Pl)/Ag(G) s (%P X %p/)/Gl Wp\W/Wp/
W W
o’ w

— conn comp's of O N 0% N X are precisely K-orbits!!
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it el
Strategy 1: f-twisted embedding a la Mili¢i¢
{ A : Xp — Xp X Xg(p) : 0-twisted embedding
t:Z2qg — Xpr: closed embedding
~ AQXLZXPXZQL)%;DXXQ(,D)X%P/
image X = (Ag x 1)(Xp X Z2q) : closed subvariety of TFV
O € (Xp x Xg(py X Xpr)/G : orbit for TFV

(Ag(f{p) X %Pl)/Ag(G) = (.’{p X %p/)/G s Wp\W/Wp/
W W
o’ w

— conn comp's of O N 0% N X are precisely K-orbits!!

~~ parametrization of (Xp x Zg)/K roughly by
(Xp x Xg(py X Xp)/G) x (Wp\W/Wp:) x (conn comp)
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Strategy 2: Bruhat Reduction
GDOP:psgof G

KD>Q:psgof K IP' C G: f-stable psgof G st. Q=P NK

o = = E A
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Strategy 2: Bruhat Reduction

GDOP:psgof G
KD>Q:psgof K IP' C G: f-stable psgof G st. Q=P NK

K\XpxZq = K\(G/P x K/Q) ~ P\G/Q
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Strategy 2: Bruhat Reduction

GDOP:psgof G
KD>Q:psgof K IP' C G: f-stable psgof G st. Q=P NK

K\XpxZq = K\(G/P x K/Q) ~ P\G/Q

Thus K\XpxZg —~— P\G/Q

s

P\G/P" =1l,csws PwP": Bruhat

|-

W = W\ W/ Wp
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DS N ST Bruhat Reduction

Strategy 2: Bruhat Reduction

GDOP:psgof G
KD>Q:psgof K IP' C G: f-stable psgof G st. Q=P NK

K\XpxZq = K\(G/P x K/Q) ~ P\G/Q

Thus K\XpxZg —~— P\G/Q

s

P\G/P" =1l,csws PwP": Bruhat

|-

W = W\ W/ Wp

Parametrization
Reduces to paramet’n of P\PwP’/Q for w € JW7'
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Strategy 2 (continued): KGB Reduction

Assume B D T: O-stable B <+ AT DT : simple roots
P+~ Jcnl and P« J cn

P=LU, P'=L'U : Levi decomposition
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Strategy 2 (continued): KGB Reduction
Assume B D T: O-stable B <+ AT DT : simple roots

P+~ Jcnl and P« J cn
P=LU, P'=L'U : Levi decomposition

w € WY : minimal representatives for WAW /W,y

Want to analyze the fiber P\PwP’'/Q of Bruhat reduction
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Strategy 2 (continued): KGB Reduction

Assume B D T: O-stable B <+ AT DT : simple roots

P+~ Jcnl and P« J cn
P=LU, P'=L'U : Levi decomposition

w € WY : minimal representatives for WAW /W,y
Want to analyze the fiber P\PwP’'/Q of Bruhat reduction
Put  Ppy(w):=w1PwnlL : psgof L’

« = L'N K : symmetric subgrp of L’
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Strategy 2 (continued): KGB Reduction

Assume B D T: O-stable B <+ AT DT : simple roots

P+~ Jcnl and P« J cn
P=LU, P'=L'U : Levi decomposition

w € WY : minimal representatives for WAW /W,y
Want to analyze the fiber P\PwP’'/Q of Bruhat reduction
Put  Ppy(w):=w1PwnlL : psgof L’

« = L'N K : symmetric subgrp of L’

= Pp(w)\L'/l)c =: V(w) : finite set (- smaller P\G/K)
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[DEETI NN GG KGB Reduction

Strategy 2 (continued): KGB Reduction

Assume B D T: O-stable B <+ AT DT : simple roots
P+~ Jcnl and P« J cn

P=LU, P'=L'U : Levi decomposition
w € WY : minimal representatives for WAW /W,y
Want to analyze the fiber P\PwP’'/Q of Bruhat reduction
Put  Ppy(w):=w1PwnlL : psgof L’
« = L'N K : symmetric subgrp of L’

= Pu(w)\L'/L)c =: V(w) : finite set (" smaller P\G/K)

surj

Reduction map : P\ pr/:Q > P (w)\L'/L} = V(w)
W W

PwaQ ——— Pp(w)lal)

where a = (,u, is Levi decomp along P' = L'U’
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O TG
For w e JWY v € V(w), put
U(w,v):= (U NPw))\U /(U NK) : variety of unipotent elts
Li(w,v):=L'nKnP(w) C Ly

Notation:  P(g):=g 'Pg € Xp
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For w e W' v € V(w), put
U(w,v):= (U NPw))\U /(U NK) : variety of unipotent elts
Li(w,v):=L'nKnP(w) C Ly
Notation:  P(g):=g 'Pg € Xp
L (w, v) acts on % (w, v) by conjugation
~ Y (w,v)/Ad(L)(w,v)) : quotient sp
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O TG
For w e W' v € V(w), put
{ U(w,v):= (U NPw))\U /(U NK) : variety of unipotent elts
Li(w,v):=L'nKnP(w) C Ly
Notation:  P(g):=g 'Pg € Xp
L (w, v) acts on % (w, v) by conjugation
~ Y (w,v)/Ad(L)(w,v)) : quotient sp
Theorem (He-N-Ochiai-Y.Oshima)
Recall "W7" = W \W /W, and V(w) = Pp(w)\L'/L
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O TG
For w e W' v € V(w), put
{ U(w,v):= (U NPw))\U /(U NK) : variety of unipotent elts
Li(w,v):=L'nKnP(w) C Ly
Notation:  P(g):=g 'Pg € Xp
L (w, v) acts on % (w, v) by conjugation
~ Y (w,v)/Ad(L)(w,v)) : quotient sp
Theorem (He-N-Ochiai-Y.Oshima)
Recall "W7" = W \W /W, and V(w) = Pp(w)\L'/L

We have bijection of orbits (parametrization):

K\XpxZo~ [[ [l #(w.v)/Ad(Lk(w,v))

wel W' veV(w)

~ criterion of finiteness of orbits
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Application 1: when @ = Bk is Borel
Assume Q = Bk C K : Borel subgrp

Xpx2Zp, : finite type <= Xp = G/P : K-spherical

o = = E A
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Q@ = By is Borel
Application 1: when @ = Bk is Borel

Assume Q = Bk C K : Borel subgrp

Xpx2Zp, : finite type <= Xp = G/P : K-spherical

P'= B = TUy C G : O-stable Borel subgrp s.t. Bk = BN K
(T : max torus, Uy max unip subgrp)

Nishiyama (AGU) K-spherical flag varieties 2013/07/08 16 / 27



Q@ = By is Borel
Application 1: when @ = Bk is Borel

Assume Q = Bk C K : Borel subgrp

Xpx2Zp, : finite type <= Xp = G/P : K-spherical

P'= B = TUy C G : O-stable Borel subgrp s.t. Bk = BN K
(T : max torus, Uy max unip subgrp)
I'=T = V(w)=Pu(w)\L'/Ly reduces to {e} (1 pt)
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Spherical Flag Variety Q = By is Borel

Application 1: when @ = Bk is Borel

Assume Q = Bk C K : Borel subgrp

Xpx2Zp, : finite type <= Xp = G/P : K-spherical
P'= B = TUy C G : O-stable Borel subgrp s.t. Bk = BN K

(T : max torus, Uy max unip subgrp)
I'=T = V(w)=Pu(w)\L'/Ly reduces to {e} (1 pt)

Corollary

K\xpxZg, = 11 ((UeNPW)\Uo/(Uo1K)) / AdT

wel W
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Application 1: when @ = Bk is Borel

Assume Q = Bk C K : Borel subgrp

Xpx2Zp, : finite type <= Xp = G/P : K-spherical

P'= B = TUy C G : O-stable Borel subgrp s.t. Bk = BNK
(T : max torus, Uy max unip subgrp)
I'=T = V(w)=Pu(w)\L'/Ly reduces to {e} (1 pt)

Corollary

K\xpxZg, = 11 ((UeNPW)\Uo/(Uo1K)) / AdT
welW

In particular, Xpx Zp, is of finite type
— #((Uo A P(w))\Us/(Uo N K)) / Ad T < oo for Yw
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Spherical K-action

Want to know if Xp = G/P is K-spherical
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Spherical Flag Variety Q = By is Borel

Spherical K-action

Want to know if Xp = G/P is K-spherical

Idea: Concentrate on open orbit O & AskJ? open By-orbit

O wo € W : longest element
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Spherical Flag Variety Q = By is Borel

Spherical K-action

Want to know if Xp = G/P is K-spherical

Idea: Concentrate on open orbit O & AskJ? open By-orbit

O wo € W : longest element

We can linearize the double coset space to get
Theorem
XpxZp, is of finite type <=
L% == LpNK : reductive ™ u;e is mult-free (or spherical)
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Spherical Flag Variety Q = By is Borel

Spherical K-action

Want to know if Xp = G/P is K-spherical

Idea: Concentrate on open orbit O & AskJ? open By-orbit

O wo € W : longest element

We can linearize the double coset space to get
Theorem
XpxZp, is of finite type <=
L% == LpNK : reductive ™ u;e is mult-free (or spherical)

Interesting connection to (co-)normal bundles:

THXp ~ K xpg u,l_:,‘9 : conormal bundle over O (R := KN P)

Nishiyama (AGU) K-spherical flag varieties 2013/07/08
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Spherical Flag Variety Q = By is Borel

Geometric & Representation Theoretic interpretation
© We can deduce the former theorem from Panyushev’s thm
Theorem (Panyushev)
TFAE
@ Xp is K-spherical (<= XpxZg, Is of finite type)
@ conormal bundle T5Xp is K-spherical (O given above)
© T Xp is K-spherical for YO'
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Spherical Flag Variety Q = By is Borel

Geometric & Representation Theoretic interpretation
© We can deduce the former theorem from Panyushev’s thm

Theorem (Panyushev)

TFAE
@ Xp is K-spherical (<= XpxZg, Is of finite type)
@ conormal bundle T5Xp is K-spherical (O given above)
© T Xp is K-spherical for YO'

@ Multiplicity free derived functor modules:
Theorem (Y.Oshima)
Assume P is 0-stable

XpxZp, Is of finite type
<= derived functor module A,(\) has mult-free K-types
for VA : dom regular integral

v
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Spherical Flag Variety Q = By is Borel

Geometric & Representation Theoretic interpretation
© We can deduce the former theorem from Panyushev’s thm

Theorem (Panyushev)

TFAE
@ Xp is K-spherical (<= XpxZg, Is of finite type)
@ conormal bundle T5Xp is K-spherical (O given above)
© T Xp is K-spherical for YO'

@ Multiplicity free derived functor modules:
Theorem (Y.Oshima)
Assume P is 0-stable

XpxZp, Is of finite type
<= derived functor module A,(\) has mult-free K-types
for VA : dom regular integral

v
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Spherical Flag Variety Q = By is Borel

Classification of K-spherical flag variety

G : simply connected, connected simple group
Possible to classify (G, K, P) for which Xpx Zp, is of finite type
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Spherical Flag Variety Q = By is Borel

Classification of K-spherical flag variety

G : simply connected, connected simple group
Possible to classify (G, K, P) for which Xpx Zp, is of finite type

Theorem (HNOO)

Complete cassification of Xpx Zp, of finite type
(including exceptional type)
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Possible to classify (G, K, P) for which Xpx Zp, is of finite type

Theorem (HNOO)

Complete cassification of Xpx Zp, of finite type
(including exceptional type)

Howe, Wallach and Horvath classified them in 80's (unpublished note)
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G : simply connected, connected simple group
Possible to classify (G, K, P) for which Xpx Zp, is of finite type

Theorem (HNOO)

Complete cassification of Xpx Zp, of finite type
(including exceptional type)

Howe, Wallach and Horvath classified them in 80's (unpublished note)
.. we catch up them 30 years later!
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Spherical Flag Variety Q = By is Borel

Classification of K-spherical flag variety

G : simply connected, connected simple group
Possible to classify (G, K, P) for which Xpx Zp, is of finite type

Theorem (HNOO)

Complete cassification of Xpx Zp, of finite type
(including exceptional type)

Howe, Wallach and Horvath classified them in 80's (unpublished note)
.. we catch up them 30 years later!

Strategy
© Dimension restriction: dimXpxZg, < dimK

V.
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Spherical Flag Variety Q = By is Borel

Classification of K-spherical flag variety

G : simply connected, connected simple group
Possible to classify (G, K, P) for which Xpx Zp, is of finite type

Theorem (HNOO)

Complete cassification of Xpx Zp, of finite type
(including exceptional type)

Howe, Wallach and Horvath classified them in 80's (unpublished note)
.. we catch up them 30 years later!

Strategy
© Dimension restriction: dimXpxZg, < dimK
@ Use criterion in Theorem (Existence of open orbit)

L% := LpN K : reductive " up? is mult-free (or sphericaI)J

3 classification of mult-free space by Benson-Ratcliff (2004)

V.
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Spherical Flag Variety Q = By is Borel

g ¢ n\J(P="r))
(%1 %) Qp
5lpy1 o—o o
slpy1 S0p+1 {ai}(vi)
shm P {ai}(vi), {ai, aipa}(vi),
2m=n+1 {a1, ai}(Vi), {ai, an}(Vi),
{a1, a2, a3}, {@n—2, an-1,an},
{a1, 02, a0}, {a1,an-1, a0}
slpig sl,®slg@C {ai}(Vi), {ai, aiz1}(Vi),
p+q=n+1| 1<p<gq {on, ai}(¥i), {ai, an}(Vi),
{ar. 0 }(Vi,j) if p=2,
any subset of Mif p=1
ap a2 Qp-1 Qg
502n+1 o—o ——o=—=0
S0p4q 50, & 50g {a1}, {an},
ptg=2n+1| 1<p<gq {ai}(vi)ifp=2,
any subset of M if p=1
on—1
5021 @_® =2
\)un
S0piq 50, P 50 {aa}, {an-1}, {an},
p+q=2n 1<p<gq {aj}(Vi) if p=2,
n>4 {aj,an_1}(Vi) if p=2,
{ai, an}(vi) if p=2,
any subset of Mif p=1
500, sl, & C {a1}, {az2}, {as}, {an-1}, {an},
n=4 {a1, 02}, {1, an1}, {o1, a0}, {an-1,an},

{a, a3} if n=4
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Spherical Flag Variety Q = By is Borel

5pn

o an Qp-1 Qp

sp, sl,oC

[ O o<—o0
fon}, {an}

Ppiq 5p, © spg
ptq=n|1<p<gq

{a1}, {az}, {az}, {an}, {a1, 2},
{a} (V) ifp<2,
{ai, a5} (Vi,j) ifp=1

ar a3 oy

fa o——o——=0 o
fo | so {o1}, {02}, {as}, {oa}, {o1,0a}
@
) v |
ag
e spy {a1}, {a6}
e6 sl @ sl {aa}, {as}
e 5010 ® C | {aa}, {a2}, {as}, {as}, {ae}, {1, a6}
e fa {aa}, {a2}, {as}, {as}, {ac},
{01, a2}, {2, a6}, {01, a3}, {5, a6}
22
o ay Qasz Oés Oéﬁ 0;)7
Qg
7 slg {az}
e7 5012 @ slp {a7}
¢7 e ®C {a}, {ao}, {a7}
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Application 2: when P = B is Borel
WLOG

assume P =B = TUy C G : #-stable Borel subgrp

(T : max torus, Uy max unip subgrp)

o = = E A
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Spherical fiber bundle over affine symmetric space P = B is Borel

Application 2: when P = B is Borel

WLOG assume P =B = TUy C G : §-stable Borel subgrp
(T : max torus, Uy max unip subgrp)

XpxZq : finite type <= G/Q : G-spherical
G/Q

lfiber =K/Q : flag var

G/K
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Spherical fiber bundle over affine symmetric space P = B is Borel

Application 2: when P = B is Borel

WLOG assume P =B = TUy C G : §-stable Borel subgrp

(T : max torus, Uy max unip subgrp)

XgxZg : finite type <= G/Q : G-spherical
G/Q
lfiber =K/Q : flag var

G/K

Recall f-stable P' s.t. Q = PPN K
P'=L'U": Levi decomp ~» Q = L) Uy : Levi decomp
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Spherical fiber bundle over affine symmetric space P = B is Borel

Theorem
TFAE
Q@ XpgxZq is of finite type
@ G/Q is G-spherical
@ U'/Uj has finitely many (S N K)-orbits for any Borel subgrp S of L'
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Spherical fiber bundle over affine symmetric space P = B is Borel

Theorem
TFAE
Q@ XpgxZq is of finite type
@ G/Q is G-spherical
@ U'/Uj has finitely many (S N K)-orbits for any Borel subgrp S of L'
Q P!, : minimal 6-split psg of L’ M =P . NK
— (W)Y is M'-mult-free space
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Spherical fiber bundle over affine symmetric space P = B is Borel

Theorem
TFAE
Q@ XpgxZq is of finite type
@ G/Q is G-spherical
@ U'/Uj has finitely many (S N K)-orbits for any Borel subgrp S of L'
Q P!, : minimal 6-split psg of L’ M =P . NK
— (W)Y is M'-mult-free space

Corollary

XpXxZq is of finite type = Xp:xZp, Is of finite type
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Spherical fiber bundle over affine symmetric space P = B is Borel

Theorem

TFAE
Q@ XpgxZq is of finite type
@ G/Q is G-spherical

@ U'/Uj has finitely many (S N K)-orbits for any Borel subgrp S of L'

Q P!, : minimal 6-split psg of L’ M = P’

min NnK
— (W)Y is M'-mult-free space

Corollary

XpXxZq is of finite type = Xp:xZp, Is of finite type

(3 = L™ W™ is mult-free action
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Classification of spherical G/Q
G : simply connected, connected simple group
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Spherical fiber bundle over affine symmetric space P = B is Borel

Classification of spherical G/Q

G : simply connected, connected simple group

Theorem (HNOO)

Complete cassification of Xgx Zq of finite type
(including exceptional type)
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Spherical fiber bundle over affine symmetric space P = B is Borel

Classification of spherical G/Q

G : simply connected, connected simple group
Theorem (HNOO)
Complete cassification of Xgx Zq of finite type
(including exceptional type)

.

Strategy
© Dimension restriction: dimXgxZg < dim G

v
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Spherical fiber bundle over affine symmetric space P = B is Borel

Classification of spherical G/Q

G : simply connected, connected simple group
Theorem (HNOO)
Complete cassification of Xgx Zq of finite type
(including exceptional type)

.

Strategy
© Dimension restriction: dimXgxZg < dim G
@ Use Corollary above:

XpxZq : finite type = Xp'xZp, : finite type J

v
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Spherical fiber bundle over affine symmetric space P = B is Borel

Classification of spherical G/Q

G : simply connected, connected simple group

Theorem (HNOO)

Complete cassification of Xgx Zq of finite type
(including exceptional type)

Strategy
© Dimension restriction: dimXgxZg < dim G
@ Use Corollary above:

XpxZq : finite type = Xp/xZp, : finite type J

@ (G, K) : Hermitian symmetric pair <
AP, Py st. Q = PiN Py & PP, C G : open dense

v
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Spherical fiber bundle over affine symmetric space P = B is Borel

Classification of spherical G/Q

G : simply connected, connected simple group

Theorem (HNOO)

Complete cassification of Xgx Zq of finite type
(including exceptional type)

Strategy
© Dimension restriction: dimXgxZg < dim G
@ Use Corollary above:

XpxZq : finite type = Xp/xZp, : finite type J

@ (G, K) : Hermitian symmetric pair <
AP, Py st. Q = PiN Py & PP, C G : open dense

XpXxZq : finite type <= Xp, x Xp, x Xp : finite type

v
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Spherical fiber bundle over affine symmetric space P = B is Borel

Classification of spherical G/Q

G : simply connected, connected simple group

Theorem (HNOO)

Complete cassification of Xgx Zq of finite type
(including exceptional type)

Strategy
© Dimension restriction: dimXgxZg < dim G
@ Use Corollary above:

XpxZq : finite type = Xp/xZp, : finite type J

@ (G, K) : Hermitian symmetric pair <
AP, Py st. Q = PiN Py & PP, C G : open dense

XpXxZq : finite type <= Xp, x Xp, x Xp : finite type

3 classification of spherical Xp, X Xp, by Stembridge (2003)
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Spherical fiber bundle over affine symmetric space P = B is Borel
s | ¢ \ Mic\ Jie (Q= Q)
Br-1 B
slan sp, %1 @327 ,13<:o"
n>2 {8},
{Bs}if n=3,
any subset of Mg if n =2
B P2 B
Slpygr2 | 8lpp1 P slgr1 @ C 01 > OP
Bp+1 Bp+2 Bptq
p+q=>1 p<gq o o )
{81} {Bp} {Bps1} {Bprals
(B}(vi) if p=1,
any subset of My if p=0
oBn-1
502042 502, ® C il @/
\ﬂn
n>3 {Bn-1}, {Bn}
oBn-1
5020+1 502, & h/
\:m
n>3 any subset of Mgk
f Bn-1 Bn
50242 502n41 o - o——0
n>3 any subset of Mg
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Spherical fiber bundle over affine symmetric space P = B is Borel

o | ot | M\ Jie (@ = Q)
502p42 | Slpr1 ©C ﬂol ﬁoz Bo"
n>3 {A1} {8}
Bo-1 B
5pp+q 5Pp 695F‘q /?)1 PO<1:OP
1<p<gq Fot ﬁpti;ﬁp;q
{81} {Bps1t.
{Bptif p<3, {Bpsqtifp<2, {Bprq}ifqg<3,
{B1, B2} if p=2, {Bps1,Bp42} if g =2,
{Biy(vi) it p=1, {Bi,B}Vi.j)ifp=1
B B B3 Ba
f4 509 o o——=0
{Bi}(vi), {51, 2}
24
¢ 5010 ® C & oﬁoﬂ/
\s
{B1}
B B2 B3 Ba
€6 f4 o O——=>0- o
{B1}
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End of Lectures

Thank you for your attention!!
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