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First step compute the admissible dual (Atlas project, Fokko du
Cloux)
For example, consider the irreducible representationSpof, R):

0( 0,6): 00 T[i1,i1] 1 2 ( 6, *) ( 4, *)

1( 1,6): 00 [i1,il] O 3 ( 6, *) ( 5 =)

2( 2,6): 00 [ic,il] 2 0 ( *, *) ( 4, *)

3( 3,6): 00 [ic,il] 3 1 ( *, *) (5 =)

4( 4,4): 1 2 [C+,r1] 8 4 ( *, *) (0, 2) 2

50 5,4): 1 2[C+rl] 9 5 (*, *) (1, 3) 2

6( 6,5): 11 ([r1,C] 6 7 (0, 1) ( », ) 1

7( 7,2): 21[i2,CG] 7 6 (10,11) ( =, =*) 2,1,2
8( 8,3): 22 ([C,il]l 4 9 ( *, *) (10, *) 1,2,1
9( 9,3): 22 [C,il] 5 8 ( *, *) (10, *) 1,2,1
10(10,0): 3 3 [r2,r1] 11 10 ( 7, *) ( 8, 9 1,21,
11(10,1): 3 3 [r2,rn] 10 11 ( 7, *) ( =, *) 1,2,1,

NN
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Change of notationG = G(C), connected reductive

G(R) is areal form ofG, K is a complexified maximal compact
subgroup ofG(R)

Representations @ (R) — (g, K)-modules
G = G(C), B = Borel subgroupd=involution of G, K = G’

GY =dual group,BY, KY similarly
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PARAMETRIZING THE ADMISSIBLE DUAL

AssumeG is simple, simply connected and adjoi4, F, or Eg)
Theorem The irreducible representations of real formsGfwith
trivial infinitesimal character, are parametrized by pairs

0,07

where:
O is aK-orbit onG/B (someK)

OYisaKV-orbitonGY/BY (someK")
(satisfying a certain elementary condition)

[via: YO — local system o — 7 by D-modules...]

(GeneralG: need “strong” real forms and other infinitesimal
characters)



PARAMETRIZING THE ADMISSIBLE DUAL

So: compute explicit combinatorial sets parametrizing:



PARAMETRIZING THE ADMISSIBLE DUAL

So: compute explicit combinatorial sets parametrizing:

(1) real forms ofG (involutionsé, K)



PARAMETRIZING THE ADMISSIBLE DUAL

So: compute explicit combinatorial sets parametrizing:
(1) real forms ofG (involutionsé, K)
(2) K\G/B (K-orbits on the flag variety)x =0, ..., m



PARAMETRIZING THE ADMISSIBLE DUAL

So: compute explicit combinatorial sets parametrizing:
(1) real forms ofG (involutionsé, K)

(2) K\G/B (K-orbits on the flag variety)x =0, ..., m
B)GY,KY,K"\GY/BY:y=0,...,n



PARAMETRIZING THE ADMISSIBLE DUAL

So: compute explicit combinatorial sets parametrizing:
(1) real forms ofG (involutionsé, K)

(2) K\G/B (K-orbits on the flag variety)x =0, ..., m
B)GY,KY,K"\GY/BY:y=0,...,n

(K, KY) — Block of representations parametrized by (subset of
pairs)(x, y)



PARAMETRIZING THE ADMISSIBLE DUAL

So: compute explicit combinatorial sets parametrizing:

(1) real forms ofG (involutionsé, K)

(2) K\G/B (K-orbits on the flag variety)x =0, ..., m
B)GY,KY,K"\GY/BY:y=0,...,n

(K, KY) — Block of representations parametrized by (subset of
pairs) (X, y)

This is (some of) what the Atlas software does.
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Block of Sp(4, R):
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(m, V) = go module o = real Lie algebra)

Definition: A Hermitian form{, ) onV is invariant if

(r (X))o, w) + (v, r(X)w) =0 (X € go)

(m (X0, w) + (@, 1 (X)w) =0 (X € g)

(7, V) = (g, K)-module,G(R) corresponding real group, an
antiholomorphic involution ofs = G(C), G(R) = G(C)°

Definition: A Hermitian form¢(, ) on (z, V) is invariant if

(m(X)v, w) + (v, (0 (X)w) =0 (X € g)

(and a similar condition foK)
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Definition (Knapp/Zuckerman):

Vi={f:V > C|f(lo)=71f@)}
(K-finite functions)
o as before G(R) = G7)
Definition: TheHermitian Dualof (z, V) is the(g, K)-module

(7[?, Vh):
zM(X)(F) () = — f (6 (X)0)

MK (F)) = (o k)0)

(o exponentiated td)
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Proposition
An invariant Hermitian formon (z, V) is the same thing as an
intertwining operatoil : V — VI

If (z, V) is irreducible ther(z, V) =~ (z, V") if and only if (z, V)
has an invariant Hermitian form.

bV -V — @, w) =l¢@®)(w)
[IA] = 1 to turn sesquilinear into Hermitian]

Shorthandz — z" (Hermitian dual operation): involution of the
admissible dual

Problem:Computer — =" in atlas parameters
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Recall:
(zh, vh):

7! (X)(H) () = —f (o (X))

MK () = (o k) 0)

We could useany anti-holomorphic involutioifpreservingK). For
exampleo,, corresponding to aompactreal form ofG.

Definition: Theos.-Hermitian Dualof (z, V) is the (g, K)-module
(], VM)

78 (X)(F)(0) = = f (ac(X)v)

78 (K (F)(0) = f(oc(k) ™)
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DIGRESSION C-INVARIANT FORMS

This defines ar.-invariantHermitian form(, ).:

(mr(X)v, w)ec + (v, w(oc(X))w)c =0

Note Theos ando. invariant forms differ by something (essentially)
inner and easy to compute.

The c-invariant (shorthand fer;-invariant) forms have a lot of
advantages (later...)
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Atlas setup: armnner clasof real forms ofG

Given by an outer automorphismof G; (Example:r = 1 < real
forms containing a compact Cartan subgroup)

Example:G = GL(n, C)
t=1{U(p,a)Ip+a=n}

7(g9) = 'g~% GL(n, R) (andGL (n/2, H))
7 acts onG/B, K\G/B

natural “transpose”
ttonKY\GY/BY
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ACTION OF HERMITAN DUAL ON PARAMETERS

Recall representations are parametrized iy & KV-orbit
(0,0")c G/B xG"/B"

Assumer has real infinitesimal character (example: discrete series
principal series induced from a real valued charactef)of

Proposition Suppose
T < (0,0)

Then

" & (2(0), '(0Y))

(elementary to compute)

Corollary. If G is equal rank every irreducible representation (with
real infinitesimal character) is Hermitian.



PROGRAM TO COMPUTE HERMITIAN FORMS

Basic idea Kazhdan-Lusztig-Vogan theory expresses irreducible
representation as formal sums of standard modules



PROGRAM TO COMPUTE HERMITIAN FORMS

Basic idea Kazhdan-Lusztig-Vogan theory expresses irreducible
representation as formal sums of standard modules

Program Develop Kazhdan-Lusztig-Vogan theory for representegtio
with Hermitian forms



PROGRAM TO COMPUTE HERMITIAN FORMS

Basic idea Kazhdan-Lusztig-Vogan theory expresses irreducible
representation as formal sums of standard modules

Program Develop Kazhdan-Lusztig-Vogan theory for representegtio
with Hermitian forms

(1) Express irreduciblér, (, )) as a formal of standard modules
equipped with Hermitian forms



PROGRAM TO COMPUTE HERMITIAN FORMS

Basic idea Kazhdan-Lusztig-Vogan theory expresses irreducible
representation as formal sums of standard modules

Program Develop Kazhdan-Lusztig-Vogan theory for representegtio
with Hermitian forms

(1) Express irreduciblér, (, )) as a formal of standard modules
equipped with Hermitian forms

(2) Compute Hermitian forms on standard modules



PROGRAM TO COMPUTE HERMITIAN FORMS

Basic idea Kazhdan-Lusztig-Vogan theory expresses irreducible
representation as formal sums of standard modules

Program Develop Kazhdan-Lusztig-Vogan theory for representegtio
with Hermitian forms

(1) Express irreduciblér, (, )) as a formal of standard modules
equipped with Hermitian forms

(2) Compute Hermitian forms on standard modules

(3) 1+2= computation of Hermitian forms on irreducible
representations



PROGRAM TO COMPUTE HERMITIAN FORMS

Basic idea Kazhdan-Lusztig-Vogan theory expresses irreducible
representation as formal sums of standard modules

Program Develop Kazhdan-Lusztig-Vogan theory for representegtio
with Hermitian forms

(1) Express irreduciblér, (, )) as a formal of standard modules
equipped with Hermitian forms

(2) Compute Hermitian forms on standard modules

(3) 1+2= computation of Hermitian forms on irreducible
representations

(4) For each irreducible Hermitian representation, chédk i
Hermitian form is positive definite
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Recall:
Verma modules

Parameter selv
M (w): Verma module with highest weightwp — p
L (w): unigue irreducible quotient d1 (w)

(g, K)-modules

Parameter seffy = (x, y)} (pair of orbits)

| (y) = standard module (full induced from discrete series)
J(y) = unique irreducible quotient df(y )
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Verma modules

M(w) =D Mm@, w)L®) (M, w)eZ>0)

v<w

L) =D M@, w)M@) (M@, w)==%P,,(1) € Z)

P,.., = Kazhdan-Lusztig polynomial (faB\G/B)
Harish-Chandra modulgsvorking in a fixed block):

1 (7)=>_m(@, 7)) (M@&,7)eZ>0)

o<y
IG) =D M@ IO (M@, y)==%P,s1) €7)

o<y

Ps,, = Kazhdan-Lusztig-Vogan polynomial (fét\G/B), (computed
by Atlas software)
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KLV POLYNOMIALS FOR HERMITIAN FORMS

Goal:
Find formulas for the form:

gy = Z H, 50 Do

o<y
This is a refinement of;

I() =D M@ )1 ©)

o<y

in the language odignature characters

I)=Q_HS 1), D> Hy, 1)

o<y <y

H) + Hs, = MG.y)
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KLV POLYNOMIALS FOR HERMITIAN FORMS

Problems:
(1) I (y) may not be Hermitian (in unequal rank case)
(2) No canonicalchoice of Hermitian forms, )iy, (, )a¢)-

BIG IDEA: These go away if you use c-invariant forms: theseays
existand can be madeanonical

Continued. ..



