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1 Notation for Sp(4,R)

Basic references are Vogan’s notes on Sp(4, R): [3] (branching) and [4] (Her-
mitian forms). In fact these notes are largely a rewriting of [4] in more
explicit atlas terms.

G = Sp(4,R) with all the usual notation, including atlas stuff.

Write (z,y) for the usual coordinates, in which p = (2,1). The software
coordinates (assuming we define G as sc) are fundamental weight coordi-
nates. Write [a, b] for these coordinates. The changes of coordinates are

(z,y) = [v — v,y
(1.1) (a+ b,b) «— [a,b]

For example p = (2,1) = [1, 1].

2 Standard Modules

We always write H for the once-and-for-all fixed Cartan of G, and X* =
X*(H), X, = X.(H). We may also have use for HY, XV* = X*(H") and
XY = X,.(HY). We also fixed once and for all a set of positive roots.

In atlas language a parameter is a triple (z, A, v) where:

(1) x is a kgb element, set 6 = 0,;
(2) A€ (X" +p)/(1 - )X
(3) ve (X ®,Q) " =a(@Q)".



This defines a standard module I(z, A, ). The infinitesimal character is
1 1 *

For example A\ = v gives v = A (note that v is integral).
Recall 6 defines positive imaginary and real roots, and p,, p; and pe,.
Some conditions are:
a) The parameter is standard if (\,a) > 0 for all positive imaginary roots.
b) The parameter is final if for all positive real roots, (v,a") = 0 implies
A+ pr,aY) is even. Equivalently: (A «V) is odd for all real-simple roots
simple roots in the subsystem of real roots).
c) We say (z,\,v) = (z,w(\+ p,) — pr, wv) for w € W,.. Using this we can
assume (v, o) > 0 for all positive real roots.
(d) If «v is simple and 6,-complex we say (x, A\, V) = (Sq X &, Sa, Sqv). This
allows us to move x to any fiber on the same Cartan.
(e) For a standard parameter, I(z, \,v) is zero if and only if (A\,a") = 0 for
some imaginary-simple root which is compact.

A nonzero final standard module I(z, A, ) has a unique irreducible quo-
tient J(z, A\, v).

We generally write the subscript K to indicate restriction to K; so here
we have I (z, A\, v) and Jg(z, A\, v).

Recall each fiber has a distinguished basepoint, and each conjugacy class
of fibers has a canonical fiber. In the output of KGB, the canonical fiber is
labelled #, and the basepoints have entry (0,...,0) preceding the #.

Using (c) we can write every final standard parameter in the form (z, A, v)
where x is in a canonical fiber.
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2.1 Standard Modules for Sp(4,R)

There are 11 kgb elements numbered 0 — 10. I'll call them =z, ..., z1o. Here
is the output of KGB.

0: 0 [n,n] 1 2 4 5 (0,0)#0 e
1: 0 [n,n] 0 3 4 6 (1,0)#0 e
2: 0 [c,n] 2 0 * 5 (0,1)#0 e
3: 0 [c,n] 3 1 * 6 (1,1)#0 e
4: 1 [r,C] 4 9 * * (0,0) 11
5: 1 [C,r] 7 5 * * (0,0) 22



6: 1 [C,r] 8 6 * % (1,0) 2 2

7: 2 [C,n] 5 8 * 10 (0,0)#2 1,2,1
8: 2 [C,n] 6 7 * 10 (0,1)#2 1,2,1
9: 2 [n,C] 9 4 10 *x (0,0)#1 2,1,2
10: 3 [r,r] 10 10 x* % (0,00#3 2,1,2,1

The basepoints in the canonical fibers are g, x7, xg, 1.

Cartan 0 This is the compact Cartan subgroup, so v = 0, and A € X* ~ 7Z2.
The standard modules are (a,b € Z, a > b > 0):

I(xg, (a,b)) (large DS)
I(z1,(a,b)) (large DS)
I(z3,(a,b)) (holomorphic DS)
I(z3,(a,b)) (antiholomorphic DS)

These are always final. The standard modules are always nonzero in the first
two cases, and if and only if a > b in the last two.

Cartan 1 This is the C* Cartan subgroup. The canonical fiber has 6 =
w = 2,1,2, so §(z,y) = (—y,—z). Then (1 —0)X* = {(c,c) | ¢ € Z} so
A = (a,b) mod (c,c) with a,b,c € Z. (This is isomorphic to Z by the map
(a,b) — a —b). On the other hand (X* @ Q)% = {(z,2) | z € Q}.

The root (1,—1) is imaginary, and (1,1) is real. The standard limit
modules are

(2.1.2)(a) I(xg, (a,b) mod(c, ¢), (z,x)) (a > b,z >0)
with infinitesimal character
-b -b
Y= (l’ + . y L — - )

2

These standard modules are always nonzero.

In this case M ~ GL(2,R). The standard module given by a, b, x is the
one associated to the representation on M with restriction to SL(2, R)* the
discrete series with infinitesimal character a — b =0,1,2,..., and such that
diag(e?, e') acts by the scalar €**. (These may be not quite the inducing data
since we are working with the “A-parameters”; see [2] or [1].)

The final condition is

r=0=a—-be€2Z+1.



Suppose r > s > 0. Provided r, s € Z there are two standard modules with
infinitesimal character (r, s):

2)(b) I(zy, (r —s,0),
2)(c) I(xg, (r+s,0),

(r+s,r+s)) —~v=(rs)

(r—s,r—38)) —~v=(r,—s)

NI= N

In these coordinates, the final condition is:
If x =0 then I(zy, (c,0),(0,0)) is final < ¢ € 2Z + 1.

In (b) v is dominant, whereas in (c) it is not if s > 0. Using the cross
action of the complex root (0,2) (note that 0,,(x,y) = (y,z)):

(2.1.3) I(wo, (r+s,0),2(r —s,7—s)) = I(z4,(r +,0), 3(r —s,—s+71))

It is convenient to change variables, and renormalize by % as follows.
Define
(2.1.4)(a) I(zg,c,x) = I(x9,(c,0), 5(x,x)) (¢ € Zso,x € Rsp).

This has infinitesimal character

(2.1.4)(b) y=1(z+cz—c).

Cartan 2 This is the R* x S* Cartan subgroup. The canonical involution is
1,2,1, i.e. O(a,b) = (—a,b). Therefore (1 — 0)X* = (2Z,0), and A = (a,b) €
Z/27 x Z. On the other hand v = (z,0) with € Q. The root (2,0) is real,
and (0,2) is imaginary. So the standard modules are

[(237, (a, b)> (377 O))
I(zs, (@,b), (z,0))

with b € Z>¢,x € Qs and @ € Z/27Z. The infinitesimal character is
7= (z,b)

The final condition is
r=0=a=1.

These standard modules are always nonzero.
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The standard modules are those given by the holomorphic discrete series
of SL(2,R) with infinitesimal character b = 0,1,2,..., and the character of
R* t — [t|*sgn(z)®. The standard modules I(zs, (a,b), (z,0)) are the same,
with antiholomorphic in place of holomorphic.

If x > b then v is dominant. If x < b it makes sense to apply (d) of
Section 2. Using the fact that for x5, xg, 0(x,y) = (x, —y), with the obvious
notation we have

Cartan 3 This is the split Cartan subgroup, with z = 19, 6 = —1, (1 —
0)X* =27 x 27, A = (a,b) € Z/27 x 7./27, v = (x,y) € Q*. The standard
modules are

I(z10,(@,b), (z,y)) (z>y=>0)

with infinitesimal character (x,y). The final condition is
y=0= b=1
r—y=0=>a-b=1

These standard modules are always nonzero.

3 nblock

The nblock command is essential to these computations. The translation
between nblock coordinates and human ones is tricky. The main point of
this section is to explain the nblock command, and give a translation for
Sp(4,R) between nblock and human coordinates.

Here is an overview of the nblock command, which (among other things)
allows the user to input a general standard module. Recall a standard module
is determined by a parameter (x, A\, v). See Section 2.

The user first inputs a Cartan, from the atlas list 0..n. The software
then gives a list of kgb elements x in the distinguished fiber for this Cartan.
In particular this specifies a specific Cartan involution 6 of H.

The user chooses one of the elements x.

Next the user defines A\. The user inputs (A —p);, € X* in the “software”
coordinates. Suppose G is semisimple. If it is entered as sc these are fun-
damental weight coordinates, while ad gives simple root coordinates. The
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software computes
A=A=pm+p
Only the image of X in p+ X*/(1 — §)X* matters.
Next the user defines v € (X* ®z Q)~% = a(Q)*. The user inputs an
arbitrary element v;, € X* ®z Q (in software coordinates), and the software
defines

Y — %(1 — O, € a(Q)’

Let

1
/\0 — 5(1 + 0)/\

Then (cf. (2.1)) the infinitesimal character is computed as
1 1

NB: Only v = (1 — 0)v;, matters, and for the infinitesimal character only
Ao = (1 + 0)\ matters. However, A has extra (torsion) information not
contained in A\g. For example, if the Cartan is split \g = 0 but A is an
element of p + X*/2X*.

If ~ is dominant the triple (x, A, ) defines a standard module. If the in-
finitesimal character is singular it may be reducible or 0. If v is not dominant
on the integral roots, the software uses complex cross actions to replace this
triple with (2’, X', v/) such that v/ = A\j + ¢/ is dominant, and conjugate to ~.

4 Standard Modules for Sp(4,R) using nblock

We show how to construct the standard modules of Section 2.1 using nblock.
This is primarily just a change of coordinates. _
In each case the user will enter a Cartan, kgb element, (A — p);, = [a, b],
and v, = [Z,7].
(a) Cartan #0
This case is clear. If 0 < k£ < 3:

](xkv (CL, b)) = ](‘Tk7 [67 b]v [§7 Zﬂ)

provided a = @ +b+ 2,b= b+1 (Z,y are irrelevant).
(b) Cartan #1



This is the C* Cartan, with M ~ GL(2,R).

As in Section 2.1, there is only one kgb element x9 in the distinguished
fiber, 0 = 2,1,2, O(z,y) = (—y,—z). In fundamental weight coordinates
Olz,y] = [z, —z —y].

The coroot [1,0] = (1, —1) is imaginary, so the software requires @ > —1.
Since (1 —6)X* = [0,Z], b has no effect (the Cartan is connected).

If v = [2, 9] then (1 — @)y = 0,5+ Z]. It is convenient to take Z = 0, so
11— =v.

So the module

I(xg, (a,b)mod(c, c), (x,z)) (a—b>0,2>0)
of Section 2.1 is given in these coordinates by
I(zs, [@,0/mod(0,2)),[0,3]) (@ > —1,3 > 0)

witha =a—b—1> —1 and x = z. In particular the infinitesimal characters
match up:

a—b a—>b a+1 - a+1

T
2 2

).

In terms of the nblock interaction, here is what happens (dropping the
tildes). Choose g,
(A= Pin = [a,5] = (a+b,b)

v =y, =102]=(x,)

If x > "“—;rl then the software computes:

A=la+1L,b+1]=(a+b+2,b+1)

a+1 a+1 a+1
Ao = 1, - = —
0 [a+7 9 ] ( 9 ; 9 )
—[a—i—l x_a+1]_(x+a+1 x_a—i—l)
7_ ) 2 - 2 I 2

and v is dominant.
a+1

If # < %41, 5 is not dominant, so (provided that x — %% is an integer) the

software conjugates A, v by s5. The new Cartan involution is 6(z,y) = (y, z),



and we get:

A=la+2b+3,-b—1]=(a+b+2,-b—1)

a+1l. a+1l a+1

2 J=I 2 72 )

v =[2z,—x] = (z,—x)

a—+1 a—+1 a+1
+

|= o+

>\0 = [07

v =2z, —x+

(c) Cartan #2

This is the Cartan S' x R*, with M = SL(2,R) x R*. As in Section 2.1
the distinguished fiber has # = 1,2, 1, so 6(z,y) = (—z,y). In fundamental
weight coordinates [a,b] = [—a — 2b,b]. The coroot [0,1] = (0,1) is imagi-
nary, so we have the condition b > —1. Since (1 — 6)X* = [2Z,0], only the
image of a € Z/27 matters, so we could take a = 0, 1.

Since vy, = [T, 7] gives v = £(1 — 0)vz, = [T + ¥, 0], we may as well take

= [z,0] = (,0)

in which case v = v;,.
The translation is, with £ = 7,8,

I(zg, (a,b),(x,0)) (b,z >0)
is given in the new coordinates by
I(ax, @8], [7,0]) (b> -1, >0)

provided @+ b=a (mod 2), b+ 1 =band T = z.
In terms of the software interaction (dropping the tildes), if > b+ 1:

= [2,0] = (#,0)
=la+1,b+1]=(a+b+2,b+1)
=[-b—-1,0+1]=(0,0+1)
=[z—-b—-1,b+1] = (z,b+1)

and v is dominant.
If z <b+ 1~ is not dominant, so we conjugate everything by s;. The
new Cartan involution is sy : (x,y) = (z, —y).
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A=[-a—Ta+b+2]=(b+1,a+b+2)
Xo=[b+1,0] = (b+1,0)

v=[—zx] =(0,2)
y=[b+1—z2]=(0b+1,x)

(d) Split Cartan

is the same as

I(w10, @, 8], [7, 7))

provided @ =a +b (mod 2), b=>b+1 (mod 2), and T+ § =z, = y.

5 Standard K-Representations

Suppose I(x, A, 0) is a nonzero, final standard limit representation, with v =
0. As in Section 2 its restriction to K is Ix(z, A,0). This is an important
object so we give it a name:

Definition 5.1 Ix(x,\) is the restriction of the nonzero, final standard limit
module I(x,\,0) to K.

These are a basis of the Grothendieck group of K. Here is a list of these
modules for Sp(4,R). The last column gives the highest weight of the lowest
K-types.

Ix(xg,(a,b)) a>b>0 (a+1,-b)

Ix(z1,(a,b)) a>b>0 (b,—a —1)

Ix(z9,(a,b)) a>b>0 (a+1,b+2)

Ix(xs,(a,b)) a>b>0 (=b—2,—a—1)

(5:2) Ik (z9,(c,0)) ¢>0odd (<, —<)
Ie(en, (L) >0 (b+1,1)

Ix(xs, (1,0)) b>0 (—=1,-b—1)

I (210, (0, 1)) (0,0)

We will need some Hecht-Schmid identities for some non-final parameters.
For example I(z9,(c,0),(0,0)) is not final if ¢ is even. To see this using
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the software, use the Ktypeform command. In this example A = (2,0),
A — p = (0,—1) which equals [1, —1] in fundamental weight coordinates.

real: Ktypeform

Choose KGB element: 9

2rho = [ 2, 2]

Give lambda-rho: 1 -1

Representation [ 4, 4 ]@(0,0)#1 is not final, as witnessed by coroot [1,2].

This is because

(5.3)(a) I(zg,¢,0) = J(xo, 5(c, ¢)) + J(1,3(c, )
and so
(5.3)(b) I (9, (c,0)) = I (20, 5(c, ¢)) + I (21, 3(c, )

with lowest K-types

) —+1,—), (=, —=—1
(53)(c) E+1-9.G-2-1)
Similarly if b > 0:
IK<I7767b> :IK<x0a(b7 ) +IK<J:27( 5
(5.4)(a) e
[K(JJ&O,b —[K($1, b, Ix (w3, (b,

with lowest K-types

IK(ZL‘77( )) (b+1,0),(b+1,2)
[K(QJ&(

(54)(b) D) (0,—b—1),(=2,—b—1)

0,b
0,b
without the second term if b = 0.

Question: What is the best way to see this using the software?
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6 Reducibility: Real Roots (parity condition)

Suppose I(x,\,v) is a standard module. A real root « satisfies the parity
condition if

(61)(&) )\(ma> — _(_1)<V+Pr,a\/>
or equivalently
(6.1)(b) A+v+p,aY)€2Z+1.

This holds if and only I(z,\,v) has some reducibility accounted for by
SL(2,R),.

Note Here is a mnemonic for remembering this condition. The trivial rep-
resentation of SL(2,R) is given by the holomorphic character p: p(z) = z
(z € C*). The character p is given by (\,v) = (p, p), and note that p = p,.
So (b) says (3p, ") € 2Z+1 which is true; this standard module is reducible.

Note that no real root satisfies the parity condition if and only if
(6.1)(c) (AN +v,a") € 2Z + 1 for all real-simple roots «.
In particular
(6.1)(d) I(z, A\, v) irreducible = (6.1)(c) holds.

An important special case is v = 0:

(6.1)(e)

I(x, A, 0) irreducible = (A, o) € 2Z + 1 for all real-simple roots a.

This is the final condition of Section 2. Also see the help file for the Ktypeform
command.

Cartan 1 There is a single real root o = (1, 1), and the parity condition for
I(l‘g, (CL, b) (mOd (C7 C))a (ZIZ’, [L')) Is:

a+b+2x+1€2Z+1
Cartan 2 The real root is (2, 0), and the parity condition for I(xy, (@,b), (x,0)),
k=178, is
a+xrx+1€2Z+1
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Cartan 3 All roots are real. The parity conditions on I(x1, (@, b), (z,y)) is
(6.2) A+v+p,a’)€2Z+1.

=(1,-1): a—b+x—y+1€2Z+1
) b+y+1€2Z+1
(1,1): a+b+r+y+3€2Z+1
) a+r+2€2Z+1
For example for I(z0,(2,1),(2,1)), a1, ay satisfy the parity condition. On
the other hand for I(z10, (0,0), (2,1)), no root satisfies the parity condition.

We collect these conditions in a table, using the alternate parametrization
of (2.1.2)(b) for Cartan 1.

Parity for Sp(4,R)

Cartan Module root parity condition
no real roots

I(xg, (r £ s,0), %(T:FS,T:FS)
I(zy, (@,b), (x,0))

(210, (@,b), (2,y))

1) 2r+1e€2Z+1

0 a+x+1€2Z+1

,—1) a—-b+z—y+1€2Z+1
2) b+y+1€2Z+1

0)  a+zx+2€2Z+1

1) a+b+ax+y+3€2Z+1

W W w wNn— O

On Cartan 1 recall « is integral if 2r € Z.

It might be better to write the conditions on the split Cartan (the last four
entries) as follows:

(1,-1) (@+z)—(b+y) e2Z
(0,2)  b+ye2Z

(2,00 (@+z)€e2Z+1
(1,1)  (@+a)+(b+y)€2Z

7 Reducibility: Complex Roots

Suppose I(x,\,v) is standard, with regular infinitesimal character. An in-
tegral complex root a contributes to reducibility of I(z, A, v) if and only if
0.(c) < 0; equivalently o € 7(1)), or « is of type C-.
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For Sp(4,R) only Cartans 1,2 have complex roots.

Cartan 1 Consider I(zg, (r +5,0), 2(r Fs,7 Fs)) with r,5s > 0, r + 5 € Z.
Assume v = (7, Fs) is regular, i.e. r > s> 0.

Consider the positive complex root a = (2,0). Assume this is integral,
i.e. r € Z. Then 0(«) = (0,—2), and this is positive or negative depending
on the sign. Thus:

I(xg, (r — s,0),
I(xg, (r +s,0),

(r+s,7+s)) — «is type C—

NI= D=

(r—s,r—s)) — «is type C+

Cartan 2 Consider I(xy, (@,b),(x,0)) with & = 7,8, and z,b > 0. so v =
(x,b).

Assume 7 is regular, i.e.  # b, and z,b # 0, and a = (1, 1) is integral,
ie. o+ b € Z. Recall 0(a,b) = (—a,b). Thus a« > 0 is complex, and
O(a) = (—1,1) > 0if x < b, and < 0 otherwise. Therefore

« is type C— < o > b.

8 Integral blocks of Sp(4,R)

Here is the big block:

0(0,6): 0 [i1,i1] 1 2 (4, *) (5, *) 0 e
1(1,6): 0 [i1,i1] 0 3 (4, *x) (6, *) 0 e
2(2,6): 0 [ic,i1] 2 0 ( %, x) (5, %) 0 e
3(3,6): 0 [ic,i1ll] 3 1 (%, %) (6, %) 0 e

4( 4,5): 1 [r1,c+] 4 9 (0, 1) ( %, %) 1 1
5(5,4): 1 [C+,r1] 7 5 (*, x) (0, 2) 2 2
6(6,4): 1 [C+,r1] 8 6 (*, x») (1, 3) 2 2
7C7,3): 2 [C-,i1] 5 8 (%, *x) (10, *) 2 1,2,1
8(8,3): 2 [C-,i1] 6 7 (%, *x) (10, *) 2 1,2,1
9( 9,2): 2 [i2,c-1 9 4  (10,11) ( *, %) 1 2,1,2
10(10,0): 3 [r2,r1] 11 10 (9, =) (7, 8) 3 2,1,2,1
11(10,1): 3 [r2,rn]l 10 11 (9, *) ( *, %) 3 2,1,2,1

Fix an integral regular infinitesimal character (a,b) with @ > b > 0. Here
are the parameters realized using only one fiber on each Cartan, using the
cross action to replace x4 with xg, and x4 5 with x7:
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number Cartan length x A v

0 0 0 0 (a,b) *

1 0 0 1 (a,b) *

2 0 0 2 (a,b) *

3 0 0 3 (a,b) *

4 1 1 9 (a+1b,0) (5(a—1b),35(a—10))
5 2 1 7 (ba) (b,0)

6 2 1 8 (ba) (b,0)

7 2 2 7 (a@b) (a,0)

8 2 2 8 (a@b) (a,0)

9 1 2 9 (a—10,0) (3(a+b),5(a+b))
10 3 3 10 (a,b) (a,b)

11 3 3 10 @+1,b+1) (a,b)

Note that 10 is the trivial representation, given by A = v = p.
Alternatively, using all x;, so the x-values match up with the output of
block:

number Cartan length x A v
0 0 0 0 (a,b) *
1 0 0 1 (a,b) *
2 0 0 2 (a,b) *
3 0 0 3 (a,b) *
4 1 1 4 (a+1b,0) (3(a—10),—3(a—b))
5 2 1 5 (a,b) (0,0)
6 2 1 6 (a,b) (0,0)
7 2 2 7 (a,b) (a,0)
8 2 2 8 (a,b) (a,0)
9 1 2 9 (a—b,0) (3(a+b),3(a+b))
10 3 3 10 (a,b) (a,b)
11 3 3 10 (@+1,b+1) (a,b)
Here is the block dual to SO(4,1):
005,2): 1 [C+,rn] 2 0  (x,%x) (*,%) 2 2
1(6,2): 1 [C+,rm] 3 1 (x,%)  (*,%) 2 2
207,1): 2 [C-,i1] 0 3 (k%) (4,%) 2 1,2,1
3(8,1): 2 [C-,i1] 1 2 (%) (4,%) 2 1,2,1
4(10,0): 3 [rn,r1] 4 4 Ck,*%)  (2,3) 3 2,1,2,1
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number Cartan length x A v

0 2 1 7 (b+1,a) (b0)

1 2 1 8 (b+1,a) (b,0)

2 2 2 7 (@+1,b) (a,0)

3 2 2 8 (a+1,b) (a,0)

4 3 3 10 (@a+1,b) (a,b)

The principal series I(z10, (@, b+1), (a, b)) is irreducible, dual to SO(5,0).

9 Orientation Numbers for Sp(4,R)
See [4, Section 5.

Definition 9.1 Suppose v = (z, \,v) is a parameter and « is a nonintegral
real root. Define

(9.2) ta(y) = (v — (A + p,), ") (mod 27)

Since o is not integral t,, & 7Z; think of it as an element of (0,1) U (1,2).
We say a real nonintegral root is oriented (with respect toy) if 0 < to(7v) <
1.

Definition 9.3 Suppose v = (z, \,v) is a parameter. The orientation num-
ber o(7y) is the sum of

the number of pairs of complex nonintegral positive roots {c, Oa}

and
the number of real nonintegral oriented roots

Here are the orientation numbers for Sp(4,R).
On Cartan 0 all roots are imaginary and ¢, = 0.

9.1 Cartan 1

Consider (z,\,v) = (z9, ¢, x) = (29, (¢, 0), 5(2, x)), with infinitesimal charac-
ter v = 1(z+c¢,x —c). Here ¢ € Zx and x € Rxo. Recall (1,1) is the unique
positive real root, and (2,0), (0,2) are complex.

The values of the roots are %(:p + ¢),z,c. Assume 7 is not integral, i.e.
¢,z are not integers of the same parity.
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Case 1

Assume z € Z, but not of the same parity as ¢. The integral root sys-
tem is of type Dy = {(£1,£1)}. and the nonintegral roots are (2,0), (0,2)
(complex),

Table 9.1.1
c, T complex pair (2,0), (0,2) | 4
c>x 0
c<xz|Y 1

Case 2

Assume x ¢ Z. The only positive integral root is (1, —1), the integral
root system is type A;, and the nonintegral roots are (2,0), (0,2) (complex)
and (1,1) (real).

Compute

v (k) = 5(0,0) — (€.0) — (5, 5) = (~et

and
to=—c+zxz—1

Therefore « is oriented if and only if 1 < z—c¢ < 2 (mod 2Z), or equivalently

0<c—z<1 (mod2Z)

So:
Table 9.1.2
c,r | range (mod 2Z) complex pair (2,0),(0,2) | (1,1) | 4
c>z | 0<c—z<1 (mod 2Z) Y 1
1 <c—x<2 (mod 2Z) 0
c<zr|0<c—z<1 (mod?2Z)|Y Y 2
l<ec—x<2 (mod2Z)|Y 1

Note that if we write the infinitesimal character as (71, 72) then the table
becomes

Table 9.1.3
C, T range (mod 27Z) complex pair (2,0),(0,2) | (1,1) | 4
72 <0]0<9 <3 (mod Z) 0
1 <79 <1 (mod Z) Y 1
7% >0]0<y <3 (modZ)|Y 1
1<y <1 (modZ)|Y Y 2

16



which agrees with [4, 7]

9.2 Cartan 2

Consider (z,\,v) = (g, (a,b), (z,0) with infinitesimal character (z,b). If
x € Z this is integral and ¢y = 0, so assume x & Z.
Compute

v—(A+p)=(z,0)—(a,b) — (1,0) = (x —a— 1, D)
and for a the real root (2,0), t, = x —a — 1. So « is oriented if and only if

l<z—a<2 (mod2Z)

Table 9.2.1
x,b | @ | range (mod 2Z) | complex pair (£1,1) | (2,0) | 4y
r<b|0|0<z<l1 Y 1
r<b|0|l<ax<?2 Y Y 2
r<b|l|0<x<l1 Y Y 2
r<bl|l|l<ax<?2 Y 1
r>b|0|0<x<1 0
r>b|0|1l<ax<?2 Y 1
r>b|1|0<ax<l1 Y 1
r>b|l|l<x<?2 0

9.3 Cartan 3

Consider I(zy9, (@,b), (z,%)) with 2 > y > 0. The nonintegral cases are as
follows (not including the case with no integral roots). The third column gives
the type of the integral root system, and the last column gives a consequence
of the conditions in the first column.

Case x,y type integral roots

1 r €L,y &7 Ay (2,0)

2 x €L,y €L Ay (0,2)

3 r+yelix—ygErZ A (1,1) :c,y¢Z—|—%
4 r—yElix+yeZ A (1,-1) T,y L+ 3
5 ctyeZixy¢Z Dy (1,%£1) T,yE€EZL+13
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We have p = p, = (2,1) and

(9.3.4) v—A+p)=@—a-2y—b—-1)=(x—a,y—>b—1).

Cartan 3, Case 1: x € Z,y ¢ Z
The nonintegral roots are (1,+1) and (0,2). They are oriented if:

(L):1<x+y—(@+b) <2 (mod27Z)
(9.3.5) (1,-1):l<xz—y—(@a+b) <2 (mod27)
0,2):1<y—b<2 (mod 27Z)

It is easy to see that exactly one of (1,+£1) is an oriented root.

Table 9.3.1
b | range (mod 27) | (1,1) xor (1,—1) | (0,2) | £
0l0<y<1 Y 1
l<y<?2 Y Y 2
T10<y<1 % Y |2
l<y<?2 Y 1

Cartan 3, Case 2: * € Z,y € Z
The nonintegral roots are (1,+1) and (2,0). Now both (1,+1) are ori-
ented, or neither are. The condition on (2,0) is

(9.3.6) (2,0):0<zx—a<1 (mod?2%Z)
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Table 9.3.2

a|a+b|z (mod2Z) | x+y (mod 2Z) | (1,1) and (1,—1) | (2,0) | £
00 O<z <1 O<z+y<l1 Y 1
l<z4+y<?2 Y Y 3

1<z <2 O<z+y<l 0
l<z4+y<?2 Y 2

110 0<z<l O<z+y<l 0
l<z4+y<?2 Y 2

1<z <2 O<z4+y<l1 Y 1
I<z+y<2 Y Y 3

01 O0<e<1 O<z4+y<l1 Y Y 3
Il<z+y<?2 Y 1

l<z<2 O<z+y<l1 Y 2
I<z4+y<?2 0

111 0<zr<1 O<z+y<l1 Y 2
I<z+y<?2 0

l<zr<?2 O<zrz4+y<l1 Y Y 3
l<x+y<?2 Y 1

Cartan 3, Case 3: t+ycZ,x—y g7

An example is (z,y) = (2,1). The nonintegral roots are (2,0), (0,2) and
(1,—1). The oriented conditions are:

(2,0):0<zx—a<1 (mod?2Z)
(9.3.7)(a) (0,2):1<y—b<2 (mod 27)
(1,-1):1<(z—a)—(y—b) <2 (mod 27Z)

Recall z+y € Z. For example, suppose x+y is even, so r = —y (mod 27Z),
so replace x with —y everywhere:

(2,0):0<—y—a<1 (mod2Z)
(9.3.7)(b) (0,2):1<y—b<2 (mod 27Z)
(1,-1):1< —2y—a+b<2 (mod27Z).

After a few manipulations, including dividing the last line by 2, this is equiv-
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alent to
(2,0):1<y+a<2 (mod?2Z)
(9.3.7)(c) (0,2):1<y—b<2 (mod 27)
(1,-1):0<y+3i@->b) <L (modZ).

If z + y is odd replace x with —y + 1 (mod 27Z), and something similar
happens. Here is the answer.

foe4+ye2Z,x—y<&Z:

Table 9.3.3
b) | range (mod 2Z) | (2,0) | (0,2) | (1,—1)
0)[0<y<s3 Y

(@,
(07

)
o

1
§<y<1
1<y <
3

5 <Y<
(L) | 0<y<
1
1l<y<
3

5 <y<
(0,1) | 0<y<
<y<
<y<

NI DN Nl

<

< | <

NIH DO N[ = NI DN NI
=<
=<

=
<
O = DN WN DN N DN RN WD

1
2
1
3
2
(L) |0<y<
1
2
1
3
2

foe+ye2Z+1,x0—y¢&Z:
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Table 9.3.4
range (mod 2Z) | (2,0) | (0,2)
)10<y<3 Y
<y<l1 Y
<y<
<y<
<y<

S
—_
|
—_
SN—
NS
=)

|
~

<

NI= DO Nl

A
<

A

—_

<y<
<y<
<y<
<y<l1
<y<
<y<

NI DN Nl

=<
=R

NI— DO NIw

<
3

<y<l1
<y<3
<y <2

—

=

—_

SN—
RIwWw o ONIW No- ONIW - OPRolw -
N = DN O DN WD WO RN DN

Y
Y

Cartan 3, Case 4: t +y ¢ Z,x —y € Z

An example is (z,y) = (3, 3)-
The nonintegral roots are (2,0), (0,2) and (1,1). The oriented conditions

are

(2,0):0<z—a<1 (mod2Z)
(9.3.8)(a) (0,2):1<y—b<2 (mod 27Z)
(L):1<(x—a)+(y—>b) <2 (mod 2Z)

Suppose * —y =n € Z. As in Case 3, (a) becomes

(2,0):0<y+n—a<1l (mod2Z)
(9.3.8)(b) 0,2):1<y—b<2 (mod 27Z)
(L,1): i <y+iin—a—-0)<1 (modZ).

fte—ye2Z,x+y &7
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Table 9.3.5

range (mod 27Z) | (2,0)

(0,2)

|
~

0<y< =z Y
<y<l1 Y

<

< | <

=R

<y<s= Y
<y <2 Y

oI RNl ONIWw - ORNIw ok ONw -
N

<

MH[\D)—‘O)—‘[\DOJ[\DOJO}—‘I\DH[\D)—‘é\

fe—ye2Z+1,2+y¢&Z:

Table 9.3.6

(

range (mod 2Z) | (2,0)

N
o

b)
0

(0,0)

0<y<s;
<y<l1
<y<
<y<

NI DN Nl

<y<
<y<l1
<y<:
<y<

=R

w

NI NG

< | <

=R

e R = OPNIWw R = Olw H i ONlw =
<

=

=<

O R N WN R DNRFRINDRFEDNRFRIN WO
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Cartan 3, Case 5: t tyecZ,x,y ¢ Z
31

In other words z,y € Z + 5. An example is (z,y) = (3, 3).

The nonintegral roots are (2,0), (0,2). The oriented conditions are

(2,0):0<z—a<1 (mod2Z)
(9.3.9)(a) -

(0,2):1<y—b<2 (mod2Z)

rtyelix,y¢Z

Table 9.3.7

(@,b) | z (mod 2Z) | y (mod 27Z) | oriented 4y
0,0) | 0<z<1 |0<y<1l |(20) 1
O<z<l l<y<?2 (2,0),(0,2) | 2
l<x<?2 O<y<l1 0
l<zx<2 |1l<y<2 |(0,2) 1
0)|0<z<1l [0<y<l1 0
O<z<l |1l<y<2 |(0,2) 1
l<zx<2 |0<y<l (2,0) 1
l<z<2 |l<y<2 |(2,0),(0,2)]2
0,)|0<z<1 [0<y<1l |(2,0),(0,2) |2
0<z<l1 l<y<?2 (2,0) 1
l<r<2 |0<y<l1 (0,2) 1
1<z <2 l<y<?2 0
(L) | 0<z<1l |O0<y<1l (0,2 1
O<ze<l1 l<y<?2 0
l<r<2 |[0<y<l |(2,0),(0,2) |2
l<zx<2 |1l<y<?2 (2,0) 1

10 Composition Series: Integral Infinitesimal
Character

Assume the infinitesimal character 7 is regular, so v = (a,b) with a > b > 0.

Cartan 1 There are two standard modules I(zg, (a Fb,0),1(a + b,a £b));
necessarily a — b € Z.
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By the preceding sections the real root (1, 1) gives reducibility if and only
if a € Z, and the complex root (2,0) gives reducibility only of I(zg, (a —
b,0),5(a+b,a+b)), again only if a € Z. So we may assume a,b € Z.

Flrst consider I(zqg, (a +b,0), 3(a —b,a —b)). Then (cf. (2.1.3))

1 1
I(l’g, (CL + b, 0), 5(& — b, a — b)) = [(5174, (a + b, O), 5(
this is the module #4 in the output of block. Using klbasis we see this stan-
dard module has three composition factors, including the two large discrete
series representations at this infinitesimal character. So

a—0b,—a+0));

I, (a+5.0)5a = b.a—b) =
(10.1)(a) Ty, (a+b,0), 5(a ~b,a 1)
+ J(ZL‘(), (G, b)) + J(:L‘l, (a, b))

Next, I(zg, (a —b,0), 2(a + b,a+ b)) is block element 9, so klbasis says
J has irreducible modules 9,0,1,4,5,6 as composition factors (with multi-
plicity one).

Then:
I(z9, (a —b,0),3 <a+ba+b>>=
J( 0, (a — )%( +b,a+0b))

Tz, (@,1)) + (o1, (1 B)

(10.1)(b) J(zg, (a+b,0),%(a —b,a b))
(5577 (1_77 a)? (b O))
J (s, (b,a), (b,0))

Cartan 2

The standard modules are I(xy, (¢,b), (a,0)) and I(zy, (¢, a), (b,0)) with
k=78 and e =0,1. We continue to assume a > b > 0.

The real root (2,0) gives reducibility I(xy, (@, b), (a,0)) and I(zy, (b, a), (b, 0))
provided a,b € Z. The complex root (1,1) contributes to reducibility of
I(zy, (€,0), (a,0)), again if a,b € Z. So the infinitesimal character is neces-
sarily integral. These representations are in one of two blocks, depending on
€.
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Using klbasis we compute the following composition series.

Here are the formulas in the big block.
I(x7,(b,a), (b,0)) (standard module 5):

(10.1)(c) I(z7,(b,a), (b,0)) = J(z7, (b, a), (b,0))+J(x0, (a,b))+J(x2, (a,b)).

I(zg, (b,a), (b,0)) (standard module 6):
(10.1)(d)

I(zs, (b,a), (b,0)) = J(xs, (b,a), (b,0)) + J(z1, (a,b)) + J(x3, (a,b)).
I(z7,(a,b), (a,0)) (standard module 7):
I(z7,(a,b),(a,0)) = J(zr, (a,b), (a,0)) + J(zo, (a,b))

4+ J(zo, (a+b,0), %(a —ba—b) + J(ws, (5,a), (b,0))

I(zsg,(a,b),(a,0)) (standard module 8):

(10.1)(e)

[(Q?g, (aa b)7 (aa O)) = J(m& (aa b)v (aa O)) + ’](xb (Cl, b))
(10.1)(f) 1 =
+ J(ZL‘g, (CL + bv O)a 5(0’ - b7 a— b)) + J(x8> (ba a)7 (ba O))
Here are the formulas in the block dual to SO(4,1).

By the preceding I(zy, (b+1,a), (b,0)) with k = 7,8 are both irreducible.
These are standard modules 0,1 from this block.
I(z7,(@+1,b),(a,0)) (standard module 2):

I(z7,(@+ 1,b),(a,0)) =J(x7,(@+ 1,b), (a,0))

(10-(e) + J(z7,(b+1,a), (b,0))
I(zs, (@+1,0),(a,0)) (standard module 3):

I(zg,(@+1,b),(a,0)) =J(xs, (@+ 1,b), (a,0))

(10.1)(h) + J(zs, (b + 1,a), (b,0))

Cartan 3
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These are the modules I(xy, (0, €), (a,b)) with §,e =0,1 and a > b > 0.
First consider the representations in the big block, so a,b € Z.

I(x10, (@ + 1,b + 1), (a,b)) This is block element 11, which has irreducible
modules 11,0,1,2,3,4,5,6,9, all of multiplicity one.

(10.1)(i) ) )
I(z10, @+ 1,0+ 1), (a,b)) = J(z10, (@+ 1,0+ 1), (a, b))

+J@mMﬁ»+J@hmﬁ»+J@%m%n+J@&Mﬁ»
(20, (a+5,0), 3(a ~b,a ~b)

J(wr, (b,a), (b,0)) + J (s, (b, a), (b,0))

(g, ( )

1
J(xg, (a — ),2(a+ba—|—b)

I (10, (a,b), (a,b)) This is block element 10, which has irreducible modules

10,0,1,2,4,5,6,7,8,9, all of multiplicity one except 4 has multiplicity 2.
See Section 15.

(10.1)(j)

Next, consider the integral block dual to SO(4,1). There is one represen-
tation on the split Cartan, number 4.

I(x19, (@+ 1,b), (a,b)) = J(z10, (@ + 1,b), (a,b))
(10.1)(k) + J(z7,(b+1,a),(b,0)) + J(zs, (b +1,a), (b, 0))
+ J(x7,(@+ 1,b),(a,0)) + J(xs, (@+ 1,b), (a,0))
The principal series I (219, (@, b+1), (a, b)) is irreducible (dual to SO(5,0)).
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11 Character Formulas: Integral Infinitesi-
mal Character
Assume the infinitesimal character v is regular, so v = (a,b) with a > b > 0.

Suppose = (x,A\,v). Use nblock to compute the block of I(u), and
klbasis to compute P, s for all ¢ in the block. Then:

(11.1) J(p) =Y (=1 WO Py, (1)1(3)
Here are character formulas; the numbering is parallel to that of (10.1)(a-
k).
Cartan 1
1
J(x9> (a + b7 0)75(& - ba a— b)) =
1
(11.2)(a) I(zs, (a+,0), 5(a —b,a—b))

— I(xg, (a,b)) — I(x1, (a,b)).

J(SL‘Q,((Z —b, O)? %(a +b,a - b)) -

I(xg, (a —b,0), %(a +b,a—10))

(11.2)(b) ¥ I(zo, (a, b)) + I(z1, (a, b)) + I (2, (a, b)) + I(z3, (a, b))
—I(a:g,(a+b,0),%(a—b,a—b))
- ](ZL‘77 (l_)a CL), (b’ O)) - 1(1787 (57 a)v (b7 0))

Cartan 2
Here are the formulas on the big block.

(11.2)(c) J(zr, (B, a), (b,0)) = I(x7, (b, a), (b,0)) — I(zo, (a,b)) — I(z2, (a, b))
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(11.2)(d) J(zs, (b a), (b,0)) = I(zs, (b,a), (b,0)) = I(x1, (a,b)) — I(zs, (a, D))

J(en,(@,0), (a,0)) = I(x, (@b), (a,0)
(112)(6) + I(l’o, (CL, b)) + ](C(]l, (CL, b)) + I(l’g, (CL, b))
_1@%m+hﬁy%m—aa—m)—umma@xam)

'](x&(a? b)a (CL, 0)) = I<x8> <a7 b)a (CL, 0)
(11.2)(f) + I(xo, (a, b)) + I (21, (a,)) + I(x3, (a, b))

1 —
— I(zg, (a +b,0), é(a —b,a—0b)) — I(xs, (b,a),(b,0))
Here are the formulas on the block dual to SO(4,1):

(11.2)(g) ~
J(x7,(@+1,b),(a,0)) = I(z7, (@+ 1,b), (a,0)) — I(x7, (b + 1,a), (b,0))

(11.2)(h) i
J(zs, @+ 1,b), (a,0)) = I(zs, @+ 1,b), (a,0)) — I(zs, (b+ 1,a), (b,0))

Cartan 3
First consider the big block, with integral infinitesimal character.

(11.2)(i) ~ ~
J(x10, (@+ 1,0+ 1), (a,b)) = I(x10, (@+ 1,0+ 1), (a,b)) — I(xs, (a,b)) — I(x3,(a,b))

1
—I(xg,(a—b,O),ﬁ(a+b,a+b))

See Section 15.
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(11.2)(j)

On the block dual to SO(4, 1) there is a single formula on the split Cartan:

J($10, (6—1— 1,7)) (CL, b)) = I(Ilg, (6+ 1,1_7), (CL, b))—

(11.2)(k) J(a, (@+1,8), (0,0)) — J (s, (@ -+ 1,5), (0, 0))

12 Composition Series and Character Formu-
las: Non-Integral Infinitesimal Character

Write v = (z,y) with x > y > 0. Let A(y) be the integral root system:
A(y) = {a | (v,a") € Z}. If this is empty then the standard module is
irreducible. Here are the remaining cases.

121 A(y) = {(£1,£1)} (type Dy)

If a,b € Z + 5 then A(v) = {(+1,£1)} is of type Ds.
On the compact Cartan subgroup or Cartan 2 the roots 2e; are imaginary;,
hence integral, so this case doesn’t arise. So we're on the C* or split Cartan.
Recall ((2.1.4)(a)) I(xy, ¢, #) has infinitesimal character v = 3(z+4c, 2—c),
with ¢ € Z, which gives D(7) of type D, in the following cases:

(12.1.1) I(xg,c,x) (x,c >0, integers of opposite parity)

For example the representations with infinitesimal character (%, %) are

I(20,1,2) = I(zs, (1,0), (1
I(5E97 2, 1) = I(an (27 0)7 (%’ %))
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These are irreducible.
Case 1

Suppose © > c.
I(x97(1>0)7(17

1] and v = (1,1) = [0, 1].

real: nblock

choose Cartan class (one of 0,1,2,3): 1
Choose a KGB element from the following canonical fiber:

9: 2 [n,C] 9 4 10 *
KGB number: 9

rho = [1,1]/1

NEED, on following imaginary coroot,
[1,0] (>=-1)

Give lambda-rho: 0 -1
denominator for nu: 1
numerator for nu: 0 1

Name an output file (return for stdout,

= 9, gamma = [2,1]/2, lambda =

[1,0]/1

For example take ¢ = 1,2 = 2, ie. ,
1)). Using nblock (see Section 4) thisis A —p = (-1
The infinitesimal character is v =

(0,00#1 2,1,2

at least given value:

? to abandon):

Subsystem on dual side is of type Al.Al, with roots 4,6.
Given parameters define element O of the following block:

00(0,2): 0 [i2,rn] O O (1,2
1(1,0): 1 [r2,rn] 2 1 (0,x*)
2(1,1): 1 [r2,rn] 1 2 (0,%*)

Ok, %)
(x, %)
(x, %)

KL polynomials (-1)~{1(0)-1(x)}*P_{x,0}:

0: 1

The two other standard modules here, on the split Cartan subgroup, are
I(z10,(1,0), (3,1)) and I(z10,(0,1),(2,1)) This says we have composition

0), (5,
T)’( Y

T I @O ED) = o,
(210, (0,1),(3,3)) = J (210,
and character formulas
J( (T 6) (% %)) = [(33107(
J (210, (0,1), (3, 3)) = I(z10, (

30

S|
—| O
S~— ~—r
/N

N N

Nlw Nlw
N N|—=

*( 9,
* (10,
* (10,

)+ J(xg
) + J(z9

[1,0]= rho+
[1,0]= rho+
[1,-1]= rho+

1,2)
1,2)

I(2g,1,2) =

1
1
[175

[0,-11)
[0,-11)
[0,-21)

O O =



More generally for x > ¢ > 0, z, c integers of opposite parity, the standard
modules are

I(zg,c,x) (x> ¢ >0, integers of opposite parity)
(12.1.2)(a) I(z10,(0,0),3(z + ¢,z — ¢))

I(z10,(1,1+¢), 5(z + ¢,z —¢))

and the character formulas are
(12.1.2)(b)

J(xloa (67 E)a
J(.CE107 (T, 1 + C),

(x+c,x —¢)) = I(x10,(0,2), 3(x 4+ ¢,z — ¢)) — I(x9, ¢, x)
(x4 c,x—c)) =I(z0, (1,1 +¢), 5(x +c,x —¢) — I(zg, ¢, )

D= D=

Case 2
Suppose x < ¢. For example x = 1, ¢ = 2 gives I (9,2, 1) = I(x9, (2,0), %(1, 1))

with 7 = (2, —3). In nblock coordinates this is A = (2,0), A\—p = (0, —1) =
[17_1]7 V= (%’ %) = [O’ %]

real: nblock

choose Cartan class (one of 0,1,2,3): 1

Choose a KGB element from the following canonical fiber:

9: 2 [n,C] 9 4 10 *x (0,0)#1 2,1,2
KGB number: 9

rho = [1,1]/1

NEED, on following imaginary coroot, at least given value:

[1,0] (>=-1)

Give lambda-rho: 1 -1

denominator for nu: 2

numerator for nu: 0 1

Name an output file (return for stdout, ? to abandon):

x = 4, gamma = [2,1]/2, lambda = [2,0]/1

Subsystem on dual side is of type Al.Al, with roots 4,6.

Given parameters define element O of the following block:

00(0,2): 0 [rm,i2] 0 O (¥,%x) (1,2) =*( 4, [-2,2]= rho+ [-3,1])
1(1,0): 1 [rn,r2] 1 2  (x,%) (0,%) x(10, [0,0]= rho+ [-1,-11)
2(1,1): 1 [rn,r2] 2 1  (*,%x) (0,%¥) =*(10, [0,-1]= rho+ [-1,-2])

KL polynomials (-1)~{1(0)-1(x)}*P_{x,0}:
0: 1
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In this case the standard modules are (compare (12.1.2)(a))

I(xg,c,x) (c> x>0, integers of opposite parity)
(12.1.3)(a) I(210,(0,1+¢),5(x + ¢,z —¢))
I(z10,(1,0), 3(z + ¢,z — ¢))

and the character formulas are are (compare (12.1.2)(b))

(12.1.3)(b)
J(210,(0,1+¢), 3 (x + ¢,z — ) = I(z10, (0,1 + ¢), 3(x + ¢,x — ¢)) — I (g, ¢, x)
J(x10, (1,0), 5 (2 + ¢, 2 — ¢)) = I(210, (1,0), 5(x + ¢,z — ¢)) — I (g, ¢, )

In all remaining cases A(7) is of type A;.

122 Ay) = {=(1,-1)}
As in (12.1) we are on the C* or split Cartan. On the C* Cartan take

I(xg,c,x) = I(x9, (c,0), %(m,x)) (x € Z,x > c).

with
1
v = §(x—|—c,$—c)

for which (1, —1) is the unique positive integral root (and is imaginary). The
standard module is irreducible.
Here is an example; compare Section 12.1(Case 1).

real: nblock

choose Cartan class (one of 0,1,2,3): 1

Choose a KGB element from the following canonical fiber:
9: 2 [n,C] 9 4 10 *x (0,00#1 2,1,2

KGB number: 9

rho = [1,1]/1

NEED, on following imaginary coroot, at least given value:
[1,0] (>=-1)

Give lambda-rho: 0 -1

32



denominator for nu: 8

numerator for nu: 0 5

Name an output file (return for stdout, ? to abandon):

x =9, gamma = [8,1]/8, lambda = [1,0]/1

Subsystem on dual side is of type Al, with roots 4.

Given parameters define element O of the following block:
0(0,2): 0 [i2] O (1,2) =*(9, [1,0]= rho+ [0,-11) 1
1(1,00: 1 [r2] 2 (0,*) *(10, [1,0]= rho+ [0,-11) 0 e
2(1,1): 1 [r2] 1 (0,%) (10, [1,-1]= rho+ [0,-21) 0

KL polynomials (-1)~{1(0)-1(x)}*P_{x,0}:

0: 1

Recall the situation is © ¢ Z,z > ¢ > 0. Compare (12.1.2)(a) and
(12.1.2)(b) , which is the same except that x € Z of opposite parity to c.
The standard modules are

1
[($97C7$>:]($97(C70)7§(x7$)) (l‘gZ,[L‘>C)
(12.2.4)(a) I(z10,(0,2), 3(x + ¢,2 — 0))
I(z10,(1,1+¢), 5(z + ¢,z —¢))
and the character formulas are as in (12.1.2)(b)
(12.2.4)(b)
J(z10, (0,2), 2(z + ¢,z — ¢)) = I (210, (0,0), 3 (z + ¢,z — ¢)) — I (g, ¢, T)
J(z10, 1,1+ ¢), 3(x + ¢,z —¢)) = I(z10,(1,1+¢), 3(x + ¢,x — ¢)) — I(mg, ¢, x)

123 A(y) = {£(1,1)}
On the C* Cartan we have
I(zg,c,z) (x € Z,x <c).

with v = %(x + ¢,z — ¢) which isn’t dominant, but is conjugate to

1
7:§(c+x,c—x)

for which (1,1) is the unique positive integral root. It is probably better to
think of this as

]($47 (C7 0)7 %(I, —:L’))
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which makes it clear that (1,1) is an imaginary root.

This standard module is irreducible.

Recall the situation is * ¢ Z,c > z > 0 Compare (12.1.3)(a) and
(12.1.3)(b), which are the same, except that x € Z of opposite parity to
c. The standard modules are

(12.3.5)(a) (10, (0,

and the character formulas are:
(12.3.5)(b)

J(210,(0,1+¢), 3(x + ¢,z —¢)) = I (210, (0,1 +
J(ZL’lo, (T,E), %(f +c, T — C)) = ](1‘10, (T c

12.4  A(y) = {£(0,2)}

Consider
I(zy, (@,b), (x,0)) (k=7,8;x & Z;x >0)

with 7 = (z,b) dominant. This standard module is irreducible. On the split
Cartan we have

(12.4.6) [<x107 (aag)a ('T7b)

The character formula is (recall x > b):
(12.4.7)

J(z10, (@,b), (z,b)) = I(z10, (@,D), (,b)) — I(27, (a,b), (x,0)) — I(zs, (@,b), (x,0))

12.5 A(y) = {£(2,0)}

Consider
I(zy, (@,b),(x,0)) (k=7,8;x & Z;x <D).

Now v = (x,b) is not dominant, but conjugate to (b, x); this is dominant,
and gives integral roots +(2,0). Probably it is better to think of this as

(12.5.8) I(xy, (b,a),(0,z)) (L =5,6;2 & Z;x <Db).
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which makes it clear that (2,0) is an imaginary root.
These standard modules are irreducible. There are also a standard mod-
ule on the split Cartan:

(12.5.9) (210, (@, b), (z,0))

The character formula is precisely as in (12.4.7) (recall that now z < b):

(12.5.10

)
J(z10, (@,b), (z,b)) = I(x10, (@, b), (x,b)) — I(z7, (@,b), (z,0)) — I(zg, (a,b), (z,0))

However it is probably clearer to use (12.5.8) and write this as (for x < b):

(12.5.11

)
J(z10, (b,@), (b,2)) = (210, (b, @), (b,2)) — I(xs5, (b,a), (0,z)) — I(zg, (b, a), (0,z))

13 c-invariant Hermitian Forms

Every irreducible representation J has a distinguished c-invariant Hermitian
form. We think of this as a virtual K-representation with coefficients in
W = Z[s] where s* = 1. A term (p + ¢s)p means that the K-type p has
multiplicity p + ¢, and occurs p times with a plus sign, and ¢ with a minus.
In other words the p-isotypic space is V,, ® V[u] where V), is the space of
p equipped with a positive definite form, and V[u| = CP*? with a form of
signature (p, q).

Definition 13.1 (a) J(z, \,v). is the irreducible representation J(x,\,v),
equipped with its canonical c-invariant Hermitian form, normalized to be pos-
itive on the lowest K -types.

(b) Write Ji(x, \,v). for the restriction of J(x,\,v) to K. I won’t always
make this distinction.

(c) Suppose I (x,\) is a nonzero standard final limit K -representation. Let
Ix(z, \). denote this module equipped with the canonical c-invariant Hermi-
tian form which is positive on the (unique) lowest K -type.

The I (x, A). form a basis of the Grothendieck group of K-representations,
equipped with a c-invariant Hermitian form.

35



We want to compute formulas of the form

(13.2)(a) T( A v)e =Y al@’, X)Ix(', X).

z’ N

where the sum is over nonzero final standard limit K-data, and a(z’, \') € W.
This is an identity in the Grothendieck group of K-modules with a c-invariant
form.

This proceeds in two steps. We first write J(z, A, V). as a linear combina-
tion of I(z', N, 1), with coefficients in W. Recall (11.1) there is a character
formula

(13.2)(b)

J(x, A\ v) = Z (= 1) @A NP o @y ()T (@, N, 1)
($/7>\,,V/)

This is an identity in the Grothendieck group of (g, K)-modules and the sum
is over the block containing J(x, A, v).

If I(z, \,v) is a standard module, gr/(z, A, v) has a distinguished, nonde-
generate, c-invariant form, obtained by deforming v in the outward direction
so it becomes irreducible. We denote this I(z, A\, v).. Note that I(x, \,v). is
lower semi-continuous in v. As usual write Ik (z, A, v). to denote the restric-
tion to K.

In the equal rank case there is a simple generalization of (b):

(13.2)(c) JaAv)e= D e(8)Pwwmwan (8@, X v
($l7)\/7yl)

where

Lo (z A w) =g (a’ N W)
2

(132)(d) 6(8) =g (_1)3(3},)\71/)—5(3;’7)\/71//)'

This is an identity in the Grothendieck group of (g, K)-modules equipped
with a c-invariant form. The sum is over the block containing J(x, A, v);
taking s = 1 gives (b). The integers ¢, are the orientation numbers of Section
9.

The second step is to write Ix(z', N, /). in terms of Ix(z”, \").. This is
by deforming v to 0, which we defer to Section 14.

Here is how to compute (13.2)(c). Use nblock to define J(x, \,v) and
compute its block; this is at possibly nonintegral or singular infinitesimal
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character v. Each parameter in the output of nblock may have an asterisk,
indicating which of the terms are nonzero at . The output also includes a
computation of the Pj, for pn = (x, A, v).

Note that the character formula (b) gives the c-invariant form formula (c)
provided P, , is constant for all terms occcuring, and all orientation numbers
are 0. All orientation numbers are 0 for integral infinitesimal character.

13.1 c-Invariant Forms: Integral Infinitesimal Charac-
ter

Since the orientation numbers are all 0 the character formulas of Section 11
hold as stated unless some P, 5 is not a constant. The only case in which this
happens is formula (11.2)(i) in which the terms 2,3 have a coefficient of g.

Therefore formulas (11.2)(a-h,j,k) are all valid as formulas for the c-
invariant form, except that (11.2)(i) should read:

J(IL‘lo, (E + 1,5 + 1), (CL, b))c :I(l‘lo, (d, B), (CL, b))c
(13.1.5) — sl(x2, (a,b))c — sI(xs, (a,b))e
~ I(xo, (a—b,0), %(a+b,a~|—b))c

13.2 c-Invariant Forms: Nonintegral Infinitesimal Char-
acter

In the case of nonintegral infinitesimal character, the integral root system is
type Dy or A;, and all the P polynomials are constant. Therefore the only
way for a c-invariant form formula to differ from the character formula is
from a difference of orientation numbers being odd.

So we have to consider character formulasb (12.1.2)(b), (12.1.3)(b), (12.2.4)(b),
(12.3.5)(b), (12.4.7), and (12.5.10) and see which of them require a correction
due to the orientation numbers.

Cases (12.1.2)(b), (12.2.4)(b): I(xzg, ¢, z) with x, ¢ integers of opposite parity.
Combining (12.1.2)(b) and (12.1.3)(b) gives, for z,y € Z + 1,
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(13.2.6) B ~
J(xloa (5, b)? (:IZ‘, Z/)) = I<x107 (67 b)v (:L', y))

I(vg,r —y,x+y) z+y=a+b+1 (mod27)
I(zg,r+y,2—y) z+y=a+b (mod27)
The orientation numbers for I(z19, (*, %), 3 (z+c, z—c)) are given in Table

9.3.7, and for I(xg,c,x) in Table 9.1.1
A little monkeying around shows the following.
Ifx+y=a+0b+1 (mod 2Z) then

fo(floa (aa 5)7 (a:,y)) = 1769@79?3j — Y, T+ y) =1

so there is no contribution from the orientation numbers, and (12.2.4)(b)
holds as a formula for c-invariant forms as follows.

Assume 2 +y =a+b+1 (mod 2Z), and recall 2,y € Z + 5. Then
(13.2.7)

J(x10, (@, b), (z,9))e = (210, (@, 1), (z,y))e — (z9,7 —y, 7 + 7).

Now suppose = +y =a+ b (mod 27Z). Then
69(3:971: + Y, T — y) =0.
and on the other hand

- 0 0<y—1_)<1
KO(xlﬂy(aab)7(x7y)) = {2 1 <y_5<2

So this gives the first case of a nontrivial orientation number.
So: x +y =a+b (mod 2Z) implies

J(x10, (@,b), (z = I(z10, (@,b), (2,9)).
(13.2.8) I(wg, o +y,x—y)e 1<y-b<2
sl(zg,x +y,z—y)e 0<y—b<l1

Cases (12.2.4)(b), and (12.3.5)(b): = & Z. These are very similar to cases
(12.1.2)(b), (12.2.4)(b); see (13.2.7) and (13.2.8).
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Suppose x +y € Z,x —y € Z. lf t —y =a+ b (mod 27Z) then

(13.2.9)(a) J(x10, (@,b), (z,y)) = I(z10, (@, b), (z,y)) — [(zg,x —y,x + ¥y)

If r —y #a@+0b (mod 2Z) then I(x10, (@,b), (x, y)) is irreducible.
Suppose x —y € Zyx +y ¢ Z. f x +y=a+ b (mod 27Z) then

(13.2.9)(b) J(z10, (@,b), (z,y)) = I(x10, (@,b), (x,y)) — [(z9,z + Yy, — y)

If v +y#a+b (mod 2Z) then I(x19, (@,b), (x,y)) is irreducible.

In (a) all terms have ¢y = 1, so this holds as a formula for c-invariant
forms. In other words (13.2.7) still holds here: x —y € Z,x +y € Z,x —y =
@+ b (mod 27Z) implies

(13.2.10) | J (210, (@, b), (z,y))e = I(z10, (@, b), (2,9))e — (29,2 — ¥, 2+ y).

Simlarly (13.2.7) still holds here: x +y € Z,x —y € Z,x —y =a+b
(mod 27Z) implies

J(z10, (@, ), (x,y))e = I(210, (@, D), (2,9))e
(13.2.11) I(zg,x+y,z—y)e 1<y-b<2
sl(zg,z +y,z —y)e 0<y—b<l

Cases (12.4.7) and (12.5.10).
The character formula in both cases x > b or z < b is:
(13.2.12) ~

J(z10, (@,0), (z,b)) = I(z10, (@,b), (z,b))—I(x7, (@,b), (x,0))—I(zs, (@,b), (r,0))

In this case ¢, of all terms are the same, either 1 or 2, so this holds as a
formula for c-invariant forms:

(13.2.13)
J(x19, (@, b), (z,b))e = I(210, (@,b), (x,b)), — I(x7,(@,b), (x,0)), — I(zs, (@,b), (x,0)).
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14 Deforming v to 0

In the previous section we reduced the computation of J(z, A, v). to comput-
ing I(z', N,v'). (see (13.2)(c)). In this section we discuss how to write

(14.1) I(z,\, V), Zb ', NV (2, ).
RY

for b(z’', \') € W, and the sum is over nonzero final standard limit K-data.
This proceeds by deformation to v = 0, and by induction, which requires
using (13.2)(c) along the way.

Fix (z, A\, v) and take v = 0. Assume for the moment that I(z, \) is final
(and nonzero), so I (x, A) is a final limit standard K-representation.

After deforming v if necessary, we can assume [(z, A, t;v) is reducible for
finitely many 0 <ty < t;--- < t, = 1. This implies

Iz, \tv)e = Ix(z, N (t <to)

Assume we've computed I(x, A, tv), for tp_q <t < ty.

Write v = (z, A, txv).

First compute the composition factors J(') of I(7y), and the polynomials
Q(7'7). (Currently nblock computes P(v,7). See Section 15.)

The c-invariant form changes sign on the odd levels of the Jantzen filtra-
tion. What this amounts to is the following.

For each v/ with Q(v/,7) # 0 write

L(y)—L(")

(14.10)(=) Z )

Note that a,(7',v) = 0 unless ¢() — £(7') = n (mod 2Z), so
)

N —t(")-n
2

(14.10)(b) Q.M =Y. ay. e
n=t()~t(~')
Then a, is the multiplicity of J(7') in level n of the Jantzen filtration.

Note that 7' can occur in an odd level of the Jantzen filtration of I(y) only
if () — £(v') is odd. Therefore

Iz tv)e = I(x, A\ tp_1v),e
L) - 12 —n 1’ - 1’ )
(14.11) +(1-5) Z s T a4 (Y, )T (Y)e

n odd
) —i) odd
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By (14.10)(b) the inner sum, (after pulling out the £y term), is just Q(v',v)(s).
So:

I, N\ tpr)e = I(z, A\, tp_qv).
L) —to(x") ’ ’
(14.12) +(l=s) > s QUL S)I(Y)e

/

S
£(y")—£(7) odd

Here is the big block for Sp(4,R).

length 0
Of course there is nothing to do here:
(14.13) J(xg, (a,0))e = Ik (K, (a,0)) (0<k <3)

length 1, Cartan 1

Consider I(zg, (a + b,0),1(a — b,a —b)). It is easier to use the other
coordinates I(zg, ¢, ) = I(zy, (c,0), 3(z,z)) (2.1.4)(a).

The real root (1,1) gives reducibility if and only if x = ¢ (mod 2). The
complex root (2,0) gives reducibility if and only if x = ¢ (mod 2) and = > c.

Here is how to pass back and forth. If ¢ > x:

1 1 1
I(xg,c,z) = I(x9, (a+b,0), §(a —b,a—1"0)) (a= §(c+ x),b= 5(0 — 1))
and these have length 1, while if ¢ < x:

I(xg,c,x) = ](arg,(a—b,O),%(a+b,a+b)) (a= %(chx),b: %(x—c))

of length 2.
Suppose ¢ is even. Then
(14.14)(a) I(zg,c,x). = Ik(x9,¢) (0 <z <2)

If ¢ > 2 then, taking z = 2, (10.1)(a) gives
(14.14)(b) I(zg,c,2) = J(zg,c,2)+J (20, 3(c+2,c—2))+J (1, 3(c+2,c—2))

Apply (14.12). Since the reducibility points are at integral infinitesimal char-
acter the orientation numbers are 0, and for 2 < z < 4:
(14.14)(c)
[(1'97 ) x)c = [K(x97 C)c
+ (1 - 3)[IK(x07 %(C + 27 Cc— 2)) + IK(xla %(C + 27 Cc— 2))]
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Similarly if ¢ > 4 then, taking x = 4, (10.1)(a) gives

(14.14)(d) I(zg,c,4) = J(xg,c,4)+J (20, 3(c+4, c—4))+J (z1, 3(c+4, c—4))

and by (14.12) for (4 <z < 6):

(14.14)(e)

(1 — s) [Tk (zo, %(c—l— 2,¢—2)) + I (x, %(C—f— 2,c—2))]
(1 — 8)[I (o, %(C-l- 4,c—4)) + Ix(xy, %(C-l- 4,¢c—4))]

By increasing induction on x we see for c even, z < c:

(14.14)(f)

I(xg,c,x). = Ix(x9,0)
(3]
+(1—9)
k=1

Uk (0, 3(c+ 2k, c — 2k)) + I (z1, 3(c + 2k, c — 2k))]

Similarly for ¢ odd, x

< c:

(14.14)(g) +(1—5s) i[IK(xO, %(c +(2k—1),c— (2k —1)))

](x97 ¢, x)c = IK(J:97 C)

xz+1

:_|_ Ix(z1, 5(c+ (2k — 1), ¢ — (2k — 1)))]

In particular at p take ¢ = 3,2 = 1:

(14.14)(h)  [I(z9,3,1). = Ixc(w9,3) + (1 — 8)[I (0, (2, 1)) + I (1, (2,1))]

length 1, Cartan 2

Consider the representations

I(zy, (6,a),(x,0)) (k=17,8;a € Z>p)

which have length 1 if x
if x =4 (mod 2).

< a. Such a representation is reducible if and only

Take £ = 7 and 6 = 0. There will be reducibility at + = 0,2,...,. We
start with
(14.15)(a) I(z7,(0,a),(0,0)) = Ix(z7, (0,a))
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If 2 < a then for 0 < x < 2, taking = = 2 in (11.2)(c) gives

I<I7 (O

a),(2,0))

J( X, (67 (Z), (27 0))
+ J(z0, (a,2))° + J (22, (a,2))

so by (14.12), if (2 <z < a):

I(z

77(6’(1)7(3:70)) _[K(x%(ﬁ ) (ZB 0))

+ (1= 9)[J (20, (a,2)) + J (2, (@, 2))]

Repeating this as in the previous case we conclude, for z < a:

(14.15)(b)

I(z7,(0,a), (x,0)). =

+(1—s)

Ix(x7,(0,a))

N8

Ik (zo, (a,2k)) + I (xe, (a, 2k))]

bl

—_

Similarly using (10.1)(d)

I(x
(14.15)(c)

8 (G,CL), (fIJ, O))

+(1—y3)

Ik (xs,(0,a))
(5

NI

[IK<I'1, ((1,, 2]{?)) + ]K(xg, (CL, Qk’))]

o

—_

Then k = 7,8, § = 1 are similar. The results are:

(14.15)(d)
I(z7,(1,a), (2,0)). = Ix(x7,(1,a))
(=]
+(1—29) [Tk (xo, (a,2k — 1)) + Ix(x2, (a,2k — 1))]
k=1
(14.15)(e)
I(zs,(1,a), (2,0)). = Ix(xs, (1,a))
[Z52]
+(1-y3) Ik (x1,(a,2k — 1)) + Ix(x3, (a,2k — 1))]
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Consider the case of infinitesimal character p = (2, 1). Formulas (14.14)(g)
and (14.15)(b-e) specialize as follows. Take ¢ =3,z =1 in (14.14)(g):

I(z9,3,1). = Ix(xg,3)
+ (1= s)[Lk (w0, (2,1)) + Lxe(21,(2,1))]

Take a = 2,2 =1 in (14.15)(b,c):

(14.16) (a)

(14.16)(b) I(x+,(0,2), (1,0)). = Irc(27, (0,2))

(14'16)(0) ](x& (67 2)’ (17 0))6 = IK(xE% (67 2))
Take a = 2,2 =1 in (14.15)(d,e):

(14.16)(d)
I(x7,(1,2),(1,0)). = Ix (27, (1,2)) + (1 = s)[J (20, (2, 1)) + J (22, (2, 1))]

(14.16)(e)
[(x& (Tv 2)7 (17 O))C = IK(x& (Tv 2)) + (1 - S)[J(xlv (27 1)) + J(x?n (27 1))]

This completes the length 1 portion of our program. From now on we’ll
only include some special cases of a and b.

length 2, Cartan 1

These are the modules I(zg, ¢, z) = I(x9, (¢,0), 3(z,z)) with ¢ < z. This
is reducible due to the real root (1,1) if 2 = ¢ (mod 2). It is reducible due to
the complex root (2,0) provided this is integral, which is again the condition
x = c (mod 2). So if ¢ is odd this is reducible at z = 1,3,...,¢,¢+2,....

Take ¢ = 1. Then = = 3 gives infinitesimal character (3¢, £¢) = (2,1) =

p-
Starting at x = 0:

(14.17)(a) I(xg,1,x) = Ix(x9,1) (z <1).

Reducibility at z = 1:

(14.17)(b) I(z9,1,1) = J(29,1,1) + J(z0, (1,0)) + J(x1, (1,0))
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The last two terms are limits of large discrete series. By (14.12) (since we're
at integral infinitesimal character all orientation numbers are 0):

(1417)(C) [(.Tg, 1, 1)0 = IK(.TQ, 1) + (1 - S)[[K(.QT(), (1, O)) + [K<Qf1, (1, 0))]

Reducibility at z = 3; the infinitesimal character is 1(3+1,3—1) = (2,1) = p,
so this is directly from (10.1)(b):

(14.17)(d)

with lengths denoted by superscripts. Therefore (no orientation numbers
here):
(14.17)(e)
]($97 17 3)0 = .[(I'g, 1a 1)(:
+ (1 - S)[J(;Ug, 37 1)6 + J($7, (T7 2)7 (17 0)) + J('T& (Tv 2)7 (17 0))]

We'll plug in (c) for the first term.

Now for the first time we need to express the c-invariant form on an
irreducible (each of the three in the last line) in terms of c-invariant forms

on standards, using Section 13, which goes back to the character formulas of
Section 11 in this case. Thus by (11.2)(a)

(14.17)(f) J(x9,3,1)e = I(29,3,1). — J(x0, (2,1))c — J(x1, (2,1))c
and plug in (14.16)(a) for I(xg,3,1) to give:

J(J)g, 3, ]-)c = IK(ZEQ, 3)0
(14'17)(g) + (1 - S)UK(J}m (27 1))6 + IK($17 (27 1))0]
- [K('TO’ (27 1))6 - IK(xb (27 1))6

which simplifies to

(1417)(h) ‘ J(fL’g, 3, ]-)c = IK(ZL‘Q, 3)0 - S[IK(ZL‘(), (2, 1))0 + IK(ZL‘l, (27 1))0}

Similarly (11.2)(c) says:
(14.17) (i)
J(:B% (Tv 2)7 (17 0))0 = I($7a (Tv 2)’ (17 0))0 - ](9507 (27 1)) - I($2> (27 1))
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Use (14.16)(d) to expand
(14.17)(j) )
[(%7, (17 2)7 (17 O))C = IK(x% (17 2)) + (1 - S)[J(x(% (27 1)) + J(x% (27 1))]

and so

(14.17)(K)
J(l‘7, (T’ 2)7 (17 0))0 = ]K(I% (Ta 2)) - S[IK(x07 (27 1)) + IK(xQ’ (27 1))]

Finally (11.2)(d) says:
(14.17)(1)
J(zs, (1,2),(1,0)). = I(zs, (1,2),(1,0)). — I(x1,(2,1)) — I(z3,(2,1)).

and using (14.16)(e) to expand
(14.17)(m)
I($8> (T, 2)’ (1? O))C = IK(x& (1 2)) + (1 - 5)[‘]($1> (27 1)) + J('r?n (2? 1))]

gives
(14.17)(n)

J(x& (T’ 2)? (17 0))6 - ]K(x& (Tu 2)) - S[IK(xh (27 1)) + IK<CU3’ (27 1))]

Plugging (c), (h), (k) and (n) in to (e) gives:
(14.17)(o)
I(29,1,3). = Ix(xg9,1) 4+ (1 — 8)[Ix(x0, (1,0)) +
1

+ (1= s){Ix (29, 3) — sk (0, (2,1)) )1}
+ (1= s){Ix(2r, (1,2)) — sk (@0, (2,1)) + [K(xz (2,1))]}
+ (1= s){Ik (s, (1,2)) — slIk(21, (2,1)) + Ik (23, (2,1))]}

Grouping terms finally gives:
(14.17)(p)

](ZL‘g, 173)c = IK<JZ9, ].) + (1 — S)[IK(I'(), (1,0)) + ]K( (
+ (1 —s){2 x Ix(xo, (2,1) + 2 X I (21, (2, )+
+ (1 — 8){[}((.179,3) + [K(.’I?7,T, 2)) + [K(.Q?g,T

length 2, Cartan 2 We compute I(z7,(2,1),(2,0)). and I(zs, (2,1), (2,0))..

, 1
the parity condition I(zy, (2,1), (z,0)) is reducible only 1f =2
We're taking 0 < x < 2, so tihs occurs only at the endpoints x =
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,(0,0)) is not final.

At z = 0 this has to do with the fact that I(xy, (2,1)
(2,0)), at infinitesimal

Ignoring this for the moment, consider I(wy, (2,1),
character (2,1).

The composition series at (2,1) are given by (10.1)(e,f) (with lengths
given by superscripts)

I(x7,(2,1),(2,0)) = J(27,(2,1),(2,0))* + J(z0, (2,1))°
0 1

+ (w0, 3,1)! + I, (T,2),(1,0))
BISE) 1 @1),2.0)) = T, @ 1), (2,0 + J(ar, (2, 1)
+ J(zg, 3, )" + J(xs, (T,2), (1,0))"

Considering terms of odd length, and the orientation numbers are all 0,
(14.12) gives

[<1‘7, (57 1)? (27 0))0 - ](1‘77 §7 )7 (07 0))0
(1 = s)[J(zo,

(

+ 3

IS0 @ 1), 2,0). = I
n 3

Here we're using that J(zy, (2,1), (2—¢,0)) = J(x4, (2,1), (0,0)), since there
is no reducibility for 0 < 2 < 2. We know J(x9,3,1), J(7,(1,2),(1,0)),
J(8,(1,2),(1,0)) from (14.17)(h),(k) and (n), respectively. Also use (5.4)(a)
to eliminate the terms I(zy, (2,1),(0,0)), with & = 7,8. Plugging these in
gives:

(14.18)(c)
I(27,(2,1),(2,0))e = I(w0, (1,0))c + I (2, (1,0)).
+ (1= s) [{Ix (29, 3) = s[Ix (w0, (2,1)) + I (w1, (2, 1))}

+{Ix (w7, (1,2)) = sl (w0, (2,1)) + Ik (22, (2,1))]}]

and this can be rewritten

[($77 (Z 1)7 (27 0))0 = [(1'07 (17 O))c + [<x27 (17 O))c
(14.18)(d) + (1 —5) I (29, 3)c + I (w7, (1,2)).
+ 2% (w0, (2,1))e + (@1, (2,1))e + I(22,(2,1)).]
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Similarly

I(x& (Z 1)7 (27 0))0 = ](:)317 (17 0))6 + I(:Eg, (17 0))0
(14.18)(e) + (1 = 8)[Ix (29, 3)c + I (s, (1,2)).
+ 120, (2,1))e + 2 x I(z1,(2,1))c + (23, (2,1))c]

15 Digression: computing the () polynomials

In the setting of the atlas software, suppose we have a block, with elements
0-n. The klbasis command gives the polynomials P, ., on the block.
For example consider this part of the output for the big block of Sp(4,R):

10:

©O© 0 ~NO O WN +— O
e

-
(@]

This says the polynomials Fp 10, Pi10, ---, Pio0 are all 1. Recall this
means

J(10) = > (=10~ py o 1(k).
k

Taking lengths into account (from the block command) gives
J(10) = 1(10)—1(9)—1(8)—1(7)+1(6)+I(5)+1(4)—1(3)—1(2)—1(1)—1(0)

This is the character formula for the trivial representation. See (11.2)(j).
On the other hand we’re interested in the ) polynomials, which satisfy

I(n) =) Qund(k)
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Here’s how to get these from klbasis.
Make G the dual group, and GV the group. Then

Q(k,n) = P(n", k")

where k — kY is the duality map, given by dualmap.
For example take G = SO(3,2), G’ = Sp(4,R). Consider this part of the
output of klbasis:

7:

NP WD - O
e e )

Also dualmap
(10, 11, 9, 7, 8, 5, 6, 4, 0, 1, 2, 3]

The first line says P(0,7) = 2 for SO(3,2), and dualmap says 0¥ = 10, 7" = 4,
SO
2= P(;S:?O - fﬁm

which says J(4) has multiplicity 2 in 1(10) for Sp(4,R). See (10.1)(j).

16 Second Digression: An alternative version
of the calculation

Recall we used (14.12) to write the form on a standard module I(z, A, v) in
terms of forms on a standard module with smaller v parameter, and forms
on more tempered irreducible modules J(v/):

Iz, N\ ter)e = I(z, A\ tpqv).
(16.1) -5 Y s EQE )T

,Y/
£(y")—£(7) odd
We proceeded by induction, assuming we’d already computed the terms

J(7)e-

49



Here is an equivalent formulation, which combines the two steps, and is
easier from a computational point of view. I’ll restate this in a self-contained,
single step.

Inductive algorithm

Suppose we are given I(y) = I(z, A\,v). Typically this is at singular, and
possibly nonintegral, infinitesimal character. For small € I(x, A, (1 + €)v) is
irreducible. By (14.12) we have

I(y)e=1(x, )\, (1 —€)v),
L=t ., ,
(16.2)(a) +(1=s) > s 7 QU )I()e
v <y
£(v)—L(y') odd
By (13.2)(c), for each v/, write
, N_prsny Loy —£0(8)) ; ,
(16.2)(b) J(Y)e= Y (1) P8 o) ()1(8)e

J/S,yl

This formula is computed at (possibly singular, non-integral) infinitesimal
character . Plug it in to give

(16.2)(c)
I(7)e = I(x, A\, (1 = €)v),
N _ ! Z()('Y)_ZO(‘S,) / / / !
+(1—3) (=1 OSSP ) (9)Q(Y ) ()1 (8)e
<y <y
£(y)—L(y") odd

or, spelling it out more explicitly:
(16.2)(d)

I(’Y)c = [('777 )‘7 (1 - e)V)c
n (1 _ 3) Z Szo(w)—zzo(é) [ Z (_1)6(7’)—6(5/)]3(5/7 7’)(8)@(’7/, 7)(8)] 1(5/)0

6/ !
5 ’ ’Y/
<y <A<y
£(y)—£(7") odd

17 Invariant Forms

Suppose 7 is representation of Sp(4,R) with a central character, and u is a
K-type of 7. Identify p with its highest weight (s, ).
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The element 7 defining Sp(4,R) is diag(i, i, —i, —i), which is central in
K, and has square —I. It acts in u by the scalar "**. Note that if —I acts
in J by € = +1 then (i"%)? = ¢, i.e.

s even €—=1
r+ sis
odd e=—1.

Now assume J is irreducible and p = (r, s) is a lowest K-type of J. Write
(, ) for the invariant form on J, and (, ). for the c-invariant as usual.

Lemma 17.1 Suppose we have a formula as in (13.2)(a)

(17.2) T, A\ v)e = a(a’, N)Ix(2', N)..

' N

Suppose —1I acts by € in J(x,\,v) and choose (* = e¢. Write the (unique)
lowest K-type if I (', N) is (r(2’, N),s(a’, X)). Define

1 'T‘((E/,Al)‘i’s(x/v)‘l) = 1
oz, N) = CZ- BURNERY
s CZT($ A +s(2’,N) —1.

Then an invariant form on J is given by

(17.3) J(@, A v)o =Y 8(x', Na(a', N) I (2', N)o.

z' N

where I (x', N)g is the unique positive definite invariant form. There is one
other invariant form, — this one.

In particular an invariant form on J is definite if and only, for all x’', N
appearing in (17.2),

(17.4)(a) o', Na(z', N') € Z for all (', \')
or
(17.4)(b) §(a', Na(z', N') € sZ for all (z', )
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17.1 Some Invariant Forms on Irreducibles for Sp(4,R)

We have some formulas for c-invariant forms on some irreducible representa-
tions: (14.17)(h,k,n) on J(xg, 3,1), J(x7,(1,2),(1,0)) and J(zs, (1,2), (1,0)),
all at p. Let’s convert these to invariant forms.
These representations all have trivial cental character. Therefore if (r, )
r+s

is a lowest K-type then the sign in Lemma Lemma 17.1is (—1) =z .
J(zg, (1,2),(1,0)).
Equation (14.17)(n) says
(17.1.5)(a)
J($87 (Tv 2)7 (17 0))0 = IK('T& (Ta 2))0 - S[IK(mla (2a 1))0 + IK($37 (27 1))6]

By Section 5 the lowest K-types on the right hand side are (—1, —3), (=3, —3)
r+s

and (1, —3), respectively, which have (—1)2 =1, —1, —1, respectively. There-
fore
(17.1.5)(b)

J(ZEg, (T, 2), (]_, 0))0 = ]K(xg, (T, 2))0 — [IK(I‘l, (2, 1))0 + ]K(ZEg, (2, 1))0] .

This representation is unitary. This is representation 6FR from the output of
block.

Of course, using (14.17)(k), J(wxs, (1,2), (1,0)) is essentially the same:
(17.1.5)(c)

J([E7, (Ta 2)7 (17 O))O - ]K(x7v (Iv 2>>0 - [IK{xOv (27 1))0 + ]K(x% (27 1))0] :

and this is unitary. This is representation 5 from the output of block.
Finally (14.17)(h) says

(17.1.5)(d) J(x9,3,1). = Ix(29,3) — s[Ik(xo, (2,1)) + Ix(x1,(2,1))]
and the invariant formula is
(1715)(6) J(l’g, 3, 1)0 = IK(IQ, 3)0 — [IK<ZEO, (2, 1))0 + IK(SL’l, (2, 1))0]

which is unitary. This is representation 4 from the output of block.

18 c-Invariant Forms on Irreducible Repre-
sentations

We already have some formulas for c-invariant forms on some irreducible rep-
resentations: (14.17)(h,k,n) on J(zg,3,1), J(z7, (1,2), (1,0)) and J(zs, (1,2), (1,0)),
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all at p.

18.1 c-invariant form on J(zy,1,3)

Let’s use (14.17)(p) to get a formula for J(zg,1,3).. Recall J(z9,1,3) =
J(zo, (1,0), 3(3,3)), irreducible representation 9 from the output of block
(see Section 8). The formula for J(zo,1,3). is given by (11.2)(b) with a =
2,b=1:

(18.1.1)
J(xg,1,3). = I(xg, 1,3).
+ [(.To, ( ’ 1))0 + [(331, (27 1))6 + I(x27 (27 1))6 + [(‘T37 (2’ 1))0
](ZL’Q,S, 1)(:
[(LL‘7, (Tv 2)7 (17 0))8 - I(x& (Ta 2)7 (17 0))0

The terms on the right hand side are given by (14.17)(p), (14.13) (4 times),
(14.14)(g) and (14.15)(d,e), respectively. The last three are also given in
(14.16)(a,d,e). This gives:

(18.1.2)
J(i[)g,l, 3)0 =

{Ix(w9,1) + (1 = 8)[Ix (w0, (1,0)) + Ik (21, (1,0))]

+ (1 — S){Q]K( Zo, (2 1) + 2][{(1’1 (2, 1)}

+ (1 — ) {Ix(z2,(2,1) + Ix(x3,(2,1)}

+ (1 — s){Ix(z9,3) + Ix(27,1,2)) + I (w5, 1, 2))}}

+ ]K(I‘O, (2, 1)) + ]K(ZL‘l, (2, 1)) + ]K(ZL'Q, (2, 1)) + IK(ZL‘g, (27 1))
— {Ix(w9,3) + (1 — 8)[Ix (w0, (2,1)) + Ix(z1,(2,1))]}

— {Ix (@7, (1,2) + (1 = 5)[Uxc (0, (2, 1)) + I (w2, (2, 1))}

- {IK(:E& (Ta 2)) + (1 - S)[]K(xlv (2’ 1)) + IK(:E37 (27 1))]}

Here is a table of the terms:
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kA coefficients total
9 1 1 1

0 (1,0) 1-s 1—s
1 (L,0) 1-s 1—s
0 (2,1) 21—s)+1—-(1—-95)—(1—s) 1

1 (2,1) 20—=9s)+1—-(1=s)—(1—=s) 1

2 (2,1) (1—s)+1—(1—5s) 1

3 (2,1) (1—s)+1—(1—s) 1

9 3 (1—3s)— -5

7 (1,2) (1—s)— —s

8 (1,2) (1—s)— —s

And the answer is:

(18.1.3)
J(9,1,3)e = I (9, 1)+
+ (1 = 8) [Ix(zo, (1,0)) + Ix (1, (1,0))]
+ [T (0, (2,1)) 4+ Ix (21, (2,1)) + I (22, (2,1)) + Ixc(x3, (2,1))]
— S[IK(:EQ, 3) + Ix (w7, (1,2) + I (s, 1, 2)}

Note that if s = 1 this gives (11.2)(b) again, as it must.
Using Section 17, the invariant form is given as follows.

(18.1.4)

J(ZEQ, 1, 3)0 = IK(ZL‘97 1)()+
+ (s = 1) [Ix (2o, (1,0))o + Ix (21, (1,0))o]
+ 5[ Ixc (o, (2,1))0 + I (21, (2, 1))0 + ]K( (2,1))o + Ik (23, (2,1))o
— S[IK(ZL‘97 3)0 + ]K([E77 (1 2))0 —f- ]K(fL’g,I 2) }

This is not unitary. Note that we can tell this from the previous expression
because of the hyperbolic term (1 — s).

18.2 c-invariant form on J(z7g,(2,1),(2,0))
The character formula for J(z7,(2,1),(2,0)) is (11.2)(e), and this holds as a

formula for c-invariant forms:

o4



J<x7>(2> 1)7 (27 O))c = [([E7, (Z 1>a 27 0))0
(18.2.5) + I(z0,(2,1))e + I(z1,(2,1))e + (22, (2,1)).
— I(wg, (3,1)). — I(27,(1,2),(1,0)).

The non-discrete series terms on the right hand side are given by (14.18)(d),
(14.14)(h) and (14.16)(d). The result is:
(18.2.6)

‘](I7a(§a1)7(270))c = —8[]($9,3)c—|—]<x7,( ) ))c]
[ (o, (1,0))e + I (2, (1,0))]
[ (2o, (2,1))e + 1 (21, (2,1))c + I (22, (2,1)).]

_|_
_|_

The lowest K-types of these terms are: (2, —2), (3,1),(2,0), (2,2),(3,-1), (1, -3),(3,3).
We multiply by 1,1, s,1, s, s, s respectively, to give the invariant form:
(18.2.7)

J(27,(2,1),(2,0)). = —s[I(29,3). + (a7, (1,2))]
+[s1(wo, (1,0))e + I(22, (1,0))]
+ sl (w0, (2,1))e + 1(21,(2,1))e + I(22,(2,1))]

This representation is mot unitary: the signs differ on the two lowest
K-types (2,2) and (2,0).
Similarly:

(18.2.8)

J(ws,(2,1),(2,0))e = —s[I(xg,3)c + I (x5, (1,2))
+ [I(21, (1,0))c + I(zs, (1,0)
+ [ (2o, (2,1))c + I(21,(2,1)

g
)]
)c + ]($37 (27 1))0]

19 The Trivial Representation

Let’s prove the trivial representation J(x10, (2,1),(2,1)) is unitary.

The deformation will go as follows. Let v = (1 +¢€)(2,1) for ¢ > 0
small. Deforming v to 0 we have the following reducibility points, up to
small deformations.
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5 3 11 31

(19-1)(3) V= (271)a(171>7( 75%(1?1)

At the first point the integral root system is Cs; at all the others it is of

type Aj.
Here is the reducibility at v = (2, 1), obtained using nblock.
The input is A = p = (2,1), s0 A — p = (0,0).

block: nblock

choose Cartan class (one of 0,1,2,3): 3

Choosing the unique KGB element for the Cartan class:
10: 3 [r,r] 10 10 * x (0,00#3 2,1,2,1

rho = [1,1]/1

Give lambda-rho: 0 O

denominator for nu: 2

numerator for nu: 2 1

Name an output file (return for stdout, ? to abandon):

x = 10, gamma = [2,1]/2, lambda = [1,1]/1

Subsystem on dual side is of type Al.Al, with roots 4,6.
Given parameters define element 1 of the following block:

0(0,2): 0 [i2,rn] O O (1,2) (*,x) *x( 9, [1,-1]= rho+
1(1,0): 1 [r2,rn] 2 1 (0,%) (*,%) =*(10, [1,-1]= rho+
2(1,1): 1 [r2,rn] 1 2 (0,%) (*,%) *(10, [1,0]= rho+
KL polynomials (-1)7{1(1)-1(x)}*P_{x,1}:

0: -1

1: 1

This says:
__ 31 — - 31 1

(19.1)(b) I(x10,(2,1), (1, 4_1>> = J(x10,(2,1), <Z’ 1)) + J(z9, 1, 5)

Dangerous Bend: Here come some orientation numbers.

Applying (14.12) as usual, for the first time we have some nontrivial

orientation numbers. B

By Table 9.34, (a = 0,b =1,y = i), lo (210, (
other hand by Table (9.1).2, with (¢ = 1,z =
< -

orientation number contribution to (14.12) is sz

56

[0,-2])
[0,-21)
[0,-11)
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3

I(z10,(2,1), (1, Ve = Ix(210,(2,1)) + (1 — 8)slk(xg, 1)

= IK(l’lo, (?,T)) + (S - 1)]]{(%’9, 1)

The next reducibility point is (1, 1). We're interested in I (1, (2,1), (1, 3)).
This is of type AL, in the notation of [4, Section 6]. Here is nblock:

]

(19.1)(c)

block: nblock

choose Cartan class (one of 0,1,2,3): 3

Choosing the unique KGB element for the Cartan class:
10: 3 [r,r] 10 10 * x (0,00#3 2,1,2,1

rho = [1,1]/1

Give lambda-rho: 0 O

denominator for nu: 2

numerator for nu: 1 1

Name an output file (return for stdout, ? to abandon):
x = 10, gamma = [1,1]/2, lambda = [1,1]/1

Subsystem on dual side is of type Al, with roots 7.
Given parameters define element 2 of the following block:

0(0,1): 0 [i1] 1 (2,x) *=( 6, [1,0]= rho+ [0,-11) 1 1
1(1,1): 0 [4i1] O (2,*x) =*=(5, [1,0]= rho+ [0,-11) 1 1
2(2,0): 1 [r1] 2 (1,0) =(10,[-1,-1]= rho+ [-2,-2]) 0 e
KL polynomials (-1)7{1(2)-1(x)}*P_{x,2}:
0: -1
1: -1
2: 1
This says

(19.1)(d)

_ 1 - 1 — 1 _
I(l’lo, (2, ].), (1, 5)) = J(Ilo, (2, ].), (1, 5))+J($5, (1, 0), (O, §>)+J(l’6, (]., 0), (0,
or alternatively
(19.1)(e)

_ 1 - 1 — 1 — 1
I(xIOa (27 1)7 (17 _)) = J<x107 (27 1>a (17 —))+J(ZL‘7, (07 1)? <_7 O>>+J<x8’ (07 1)7 (_7

2 2 2 2

One sensitive calculation is the 0 in the last two terms. To see this we
need to convert
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x = 10, gamma = [1,1]/2, lambda = [1,1]/1

1(1,1): 0 [i1] O (2,%) =*(5, [1,0]= rho+ [0,-11) 1 1,2,1

to our coordinates. Well, v = [1,1] = (1,1), A = [1,0] = (1,0), and v =
y—A=(0,3). o

Now apply (14.12). There is an orientation number here: €y(210, (2,1),(1,3)) =
2 (Table 9.3.1) and lo(z7g, (0,1),(3,0)) = 0 (Table 9.2.1). So:

1 3

I<37107 (Z T)a (17 _))c = [<$107 (Z T)(Zv }l))c
(

(19.1)(f) 2

Plugging in (c) gives

I(z10,(2,1), (1, 1))c = I (210, (2,1)) + (5 = DIk (9, 1)

(19.1)(g) 2 B 7
+ (s = 1) [Ix (27, (0,1)) + Ix (s, (0,1))]

However there is one more step: I(x7,(0,1)) and I(zs, (0,1)) are not final.
Use (5.4)(a) to give
(19.1)(h)

I(Zlflo, (?,T), (1, %))c = ]K(l'lo, (5, T)) + (S — 1)[[((1‘9, 1)

+ (s —1) [IK(ﬂfm (1,0)) + Ix(21,(1,0)) + Ig (22, (1,0)) + Ix(xs, (1, 0))}
Let’s move on to (2,2), i.e. I(z19,(2,1),(2,2)). This standard module is
irreducible. The integral real root is (1, 1). By the table in Section 6 this fails
the parity condition, so doesn’t give reducibility. This is also what nblock
says:

block: nblock

choose Cartan class (one of 0,1,2,3): 3

Choosing the unique KGB element for the Cartan class:
10: 3 [r,r] 10 10 * *  (0,00#3 2,1,2,1
rho = [1,1]/1

Give lambda-rho: 0 O

denominator for nu: 4

numerator for nu: 2 3
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Name an output file (return for stdout, ? to abandon):
x = 10, gamma = [2,3]/4, lambda = [1,1]/1
Subsystem on dual side is of type Al, with roots 6.
Given parameters define element O of the following block:
0(0,0): O I[rn] O (*x,%) *x(10,[-1,-1]= rho+ [-2,-2]) 0 e
KL polynomials (-1)~{1(0)-1(x)}*P_{x,0}:
0: 1

Note that in [4, Section 6], case AL | this example doesn’t appear (mean-
ing it is irreducible); in that notation we’d be considering J(z, 2¢, (2, 2)), but
what appears in the table is J(z,20, (2, 3)).

Finally we come to v = (2,1). By (10.1)(j) with a = 2,b = 1:

I(z10, (2,1),(2,1))% =

+ J(20,(2,1))° + J (21, (2,1))°

(19.1)(i) +2 x J(x9,3,1)
+ J(z7, (1,2), (1,0))" + J(zs, (1,2), (1,0))*
+ J(z7, (2,1),(2,0))* + J(zs, (2,1), (2,0))?
+ J (29, 1, 3)?

Remember J(xg,c,z) = J(xg, (c,0),
sz +c,x—c).

We're at integral infinitesimal character, so there are no orientation num-
bers, so (14.12) gives

(z,z)), with infinitesimal character

l\’)l»—l

(19.1)())
I(z10,(2,1), (2,1))e = I(x10, (2,1
(1— )[IK(IO, (2,1)
+ (1= 8)[J (27, (2,1),

): (1, D
S+IK1’1, R )}
2,0) + J(ws, (2,1),(2,0))¢ + J (o, 1,3)¢]

_|_

)
(

and plugging in (h) for J(z10, (2,1), (1,1)). gives
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+ (s — 1)1k (29,1)

+ (s = 1) [Ix (2o, (1,0)) + Ix (21, (1,0)) + Ix (22, (1,0)) + Ix (23, (1,0))]
+ (1= s) [Ix (o, (2,1))° + I (21, (2,1))°

+ (1= s)[J(2r,(2,1),(2,0))* + J (s, (2,1), (2,0))* + J(zg, 1,3)?]

We still have to deal with the terms J(z7,(2,1),(2,0)) J(zs, (2,1),(2,0))
and J(zg,1,3).
These are available from (18.2.6), (18.2.8) and (14.18). So:

(19.1)(1) o
I(z10, (2,0), (2,1))e = Ix (210, (2, T))e

+ ( MK (9, 1)
+ (s = 1) [Ix (2o, (1,0)) + Ix (21, (1,0)) + Ix (22, (1,0)) + Ix (23, (1,0))]
+( )[IK(x07(2’1))0+IK(x17<271))0]

I (zg,1) + (1 — 5) [Ix (2o, (
+ [Txe (w0, (2, 1)) + I (21, (2,
— S[IK(.T9,3) + I (w7, (1,2) + I (25,1, 2)} }

) + I (25, (2,1))]

Here is a table of the terms:
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kA coeflicients total
10 31 1 1

9 1 (s—1)+(1—s) 0

9 3 (1-—s)+(1—s5)+(1—ys) 3(1—s)
8 (1,2) (1—s)+(1—2s) 2(1 — s)
7 (1,2) (1—s)+(1—2s) 2(1—s)
3 (2,1) A=s)+(1-ys) 2(1—s)
2 (21) (1—s)+(1—s) 2(1 — s)
1 (2,]) I-9)4+01Q—=-s)+(1—=s)+(1—s) 4(1—29)
0 (2,1) A—=s)+(1—=9s5)+(1—-95)+1—-5) 4(1—2s)
3 (1,00 (s—=1)+(1-y9)) 0

2 (L,0) (s—=1)+(1—ys)) 0

1 (1,0) (s=1)+(1—s)+(1—29)? 2(1 —s)
0 (1,0) (s—=1)4+(1—s)+(1—ys)? 2(1—s)

The character formula for the trivial representation is (11.2)(j) with a =
2,0 = 1, and this holds without change for c-invariant forms (see Section
13.1):

(19.1)(m) -
J(x107 (271)7 (2’ 1))0 = ](17107 ( ) 1)’ (2’ 1))0

- {I<x9a 17 3)0 + ](1'7, (ga 1)7 (27 0))0 + ](17& (Ea 1)7 (27 0))0}

+ {I(z7,(1,2),(1,0))c + (28, (1,2),(1,0))c + I(zg,3,1).}

- {I(fg, (27 1))0 + ](va (2’ 1))0 + ]("Ela (27 1))6 + ]<m0a (27 1))0}

We know the terms on the right hand side:

c

Of course the last four terms require no further comment.
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So let’s tabulate everything. The next table has a column for each stan-
dard module on the right hand side of (19.1)(m), each row is a limit K-
representation Ix(x,A), and the columns give the multiplicities in the ex-
pression of the c-invariant form on the standard module.

’ ‘ [(Iloa (27 1)7 (2’ 1))0 ‘ [($97 1a 3)0 ‘ [((E7, (27 1)7 (27 O))c ‘ ](3587 (27 1)7 (2’ O))c ‘
IK(J}H), (E,T»C 1
T (7o, 1), 0 -1
Ir(29,3)c 3(1—s) —(1—=s5) | —(1—y9) —(1—1s)
Tilws, (L2 | 21— ) “(i—) —(i=>)
I(z7,(1,2). | 2(1 —5) —(1—=s) | —-(1-=3)
Ig(xs3,(2,1)). | 2(1—9) —(1—13s) —(1—13)
Ix(z9,(2,1)). | 2(1 —5) —(1-=s) | —-(1-=13)
I(x1,(2,1))e | 4(1—9) —2(1—35) | —(1—2y9) —2(1—s)
I (x0,(2,1)). | 4(1—s) —2(1—s) | —2(1 —s)
Ix(x3,(1,0)), -1
Ik (x2,(1,0)), -1
I (z1,(1,0)). | 2(1 —s) —(1—ys) -1
I (o, (1,0)). | 2(1 —s) —(1—-s5) | —1

| | I(27,(1,2),(1,0)). | I(xs,(1,2),(1,0)). | I(29,3,1)c | DS | Sum |

[K(l‘lo,( 1))0 1
IK<I'9, ]-)c —1
I (w9, 3). 1 1
IK<1'8’ (T, 2))0 1 1
]K(a:7, (T7 2))0 1 1
Ix(z3,(2,1)), (1—2s) -1 —s
Ii(z,(2,1))e | (1—s) 1| s
Ik (21, (2,1)). (1-s) 1-s) |-1]-s
Ix(xo,(2,1))e | (1—9) (1—3) —1]—s
T (73, (1,0)). ~1
I (2, (1,0)). -1
IK(Z’l, (1,0))C —S
IK<ZL'0, (170))0 —S
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(19.1)(n) o
J(210, (2,1),(2,1))e = Ix (210, (2,1))e
+ [IK(xg, 3)e — Ik (o, l)c}
+ Ik (27, (1,2))e + I (2, (1,2)).]
—s[Ig(zo,(2,1))e + Ix(z1,(2,1))c + Ix (22, (2,1))e + I (3, (2,1))]
— [sIk (o, (1,0))e + sl (1, (1,0))e + Iic (2, (1,0))c + Ixc (w3, (1,0))c]

To get the invariant form, we give the lowest K-types and the correspond-
ing correction factors:

IK<J}10,( ,1)) (0,0) 1
IK(ZL'Q, ]_) (1, —1) 1
I (29, 3) (2,-2) 1
Iic(as, (1,2)) | (=1,-3) | 1
Lic(zr, (1,2)) | (3,1) |1
Iie(w3,(2,1)) | (=3,=3) | s
In(z2,(2,1)) | (3,3) |
I (1,(2,1)) | (1,-3) S
[K(x07 (27 1)) (37 _1) 8
Ire(w3,(1,0)) | (=2,-2) | 1
Ix(z2,(1,0)) | (2,2) 1
Ix(z1,(1,0)) | (0,—2) | s
[K<ZL'0 (1 0)) (2,0) S

Taking this into account we compute the invariant form on the trivial
representation J(z10, (2,1),(2,1)):

(19.1)(0)
J(z10,(2,1),(2,1))0 = Ix(x10,(2,1))
+ [IK(xg, 3) — Ik (w9, 1)}
+ [k (27, (1,2)) + Ik (w3, (1,2))]
— [Ix (2o, (2,1)) + Ik (21, (2,1)) + Ix (22, (2,1)) + I (23, (2,1))]
— [Tk (w0, (1,0)) + Ixc (1, (1,0)
(

)
)+ Ix (22, (1,0)) + Ix (3, (1,0))]
4

an easier proof please let me know.
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